i 54 CHAPTER 1 Limits and Their Properties

21 I Example 8 Using the -6 Definition of a Limit

o | IRk
HOURES Use the £-8 definition of a limit to prove that
| dres lim x* = 4.
| PN R F.) O ittty / *2
; ‘ | 4obin - d Solution  You must show that for each & > 0, there exists a § > 0 such that
1 @-ap A 1 l |x> — 4] < & when 0 < |x — 2| < &. '
[ :
d-er E i ! To find an appropriate 8, begin by writing [* — 4| = |x — 2||x + 2|. For all x in the
L interval {1, 3), you know that |x + 2| < 5. So, letting & be the minimum of &/5 and
245 1, it follows that, whenever 0 < |x — 2| < &, you have
2 £
2-8 |2 — 4| = |x — 2||x + 2] <(§)(5)=8
The limit of f(x) as x approaches 2 is 4.
Figure 1,15 as shown in Figure 1.13, : rd
Throughout this chapter you will use the £-8 definition of a limit primarily to
prove theorems about limits and to establish the existence or nonexistence of particu-
lar types of limits. For finding limits, you will learn techniques that are easier to use
‘ than the &-§ definition of a limit, :
\
EXERCISES FOR SECTION 1.2~

i
i :
i B m Exercises 1-8, complete the table and use the result to . [1Ax + D] — (1/4)
; J‘ i estimate the limit. Use a graphing utility to graph the function : 11_?; x—3
, to confirm your result. :
. L A2 : x (292992999 | 3001 | 30131
) .err%xz_x_2 ' f(x)
x 191199 | 1.999 | 2.001 | 2.01 | 2.1 [/(x + 1)] — (4/5)
: ¥ 6. lim —4—"
6 f(x) x—4 X =
o2 x 1391390 3999 4001 | 401 | 41
2, lim — . — -
Q | =2 x2—4 fx)
x 1.9 1.1.99 | 1.999 | 2.001 | 2.01 | 2.1 7 Jlim sigx
: x—0
fx)
L —0.1 | —0.01 | —0.001 | 0.001 | 0.01 | 0.1
Wk 5 33 -
i e x : Fx)
- .
x | =01 | 001 | —0001 | 0.001 | 0.01 | 01 8. lim S28* — 1
x—0 &
I 16 |
' x =0.1 | —0.01 | —0.001 | 0001 | 0.01 | 0.1
L1 ] 4 1 W1l x—2
] ) x~1>1113 x+3 f(x)
x —3.1|—-301| —-3.001 | —2999 | —299 | —2.9
fx)
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cities is $0.75 for the first minute and $0.50 for each addition-
al minute. A formula for the cost is given by

Cl) =075 - 0.50[—( =17

where ¢ is the time in minutes.

{Note: [x] = greatest integer n such that # < x. For example,
B2l =3and [-1.68] = =2.)

(a) Use a graphing utility to graph the cost function for

1T O<r=s,
m— e (b) Use the graph to complete the table and observe the behav-
-z - L2 ior of the fanction as ¢ approaches 3.5. Use the graph and
12 lin} 1) the table to find
lim (7).
x, x#2 £l = 2+2, x#I1 =35
x = i, x=1 . _ .
; H 313334353637 4
il C ?
T (c) Use the graph to complete the table and observe the behav-
ior of the function as ¢ approaches 3.
1+
- NG b e x i 2125129 3 31|35 4
2 3 4 -2 -1 1 2 —
C ?
. 1 *
14. lim ‘ NN :
>1x— 3 Does the limit of C(z) as ¢ approaches 3 exist? Explain.
y R 20. Repeat Exercise 19 if C(7) = 0.35 — 0.12]— (¢ — 1)].
2L ' 21. The graph of f{x) = 2 — 1/x is shown in the figure. Find &
. : such that if 0 < |x — 1| < Sthen |f(x) — 1] < 0.1.
L l
b e —— x yo y
6789 T 2 . 4 ;ii_,’_"u
_ \: oL 20l ] 4+ i
-2+ 1 / K a .
1 \ |
1+ f 2+ y=32f-- :
16. lim sec x L y=3F-4
x=0 y=28F-fii |- <
v = —t— -
[ 1 2 A 203 a
R ! Figure for 21 Figure for 22
' ' 22. The graph of f(x) = x* — 1 is shown in the figure. Find & such
| . that if 0 < fx — 2| < &then |f{x} — 3| < 0.2.
n ' In Exercises 23-26, find the limit Z. Then find & > 0 such that ;
‘ : 2 |FGx) — L| < 0.01 whenever 0 < |x — ¢]| < &. ;
18. }1_13 sin rx 23. lim (3x + 2) 24, lim (4 - f) .
i—=2 x—4 2 ) I
A 25. lim (x2 — 3) 26: lim (x* + 4) i
x—2 ‘x5
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In Exercises 27--38, find the limit Z. Then use the £-§ definition
to prove that the limit is L.

28. lim (2x - 5)

x—=3

27, lim (= + 3)

29, lim (3 — 1) 30. tim (3¢ + 9)
x——4 x=1

31. lim 3 32. lim (—1)
x—6 . x—2

33. lim ¥/x 34, lim x
x=0 x—4

35 lim |x — 2! 36. lim |x — 3|
x—>—2 x—3

37. lin} (x2 + 1) 38, lim3 {x2 + 3x)
x— =

% Writing In Exercises 39-42, use a graphing utility to graph the

function and estimate the limit (if it exists). What is the domain
of the function? Can you detect a possible error in determining
the domain of a function solely by analyzing the graph
generated by a graphing utility? Write a short paragraph about
the importance of examining a function analytically as well as
graphically.

_ ~x+5-3 _ x—3
39. fix} = 4 40. f(x) = x42 i3
11_1}‘11 bt} iiil%f(x)
- ~ 9 -3
41, flx) = j;_ ; 82, f(x) = ;2 %
' lim f(x) li_lgf(X)

43, Write a brief description of the meaning of the notation
lin-é flx} =25

44, (a) If f(2) = 4, can you conclude anything about the limit
of f(x) as x approaches 27 Explain your reasoning.

(b) If the limit of f{(x) as x approaches 2 is 4, can you.
conclude anything about f(2)7 Explain your reasoning.

45, Identify three types of behavior associated with the nonex-
istence of a limit, Nllustrate each type with a graph of a
function. .

46. Determine the limit of the function describing the atmos-
pheric pressure on a plane as it descends from 32,000 feet
to land at Honolulu, located at sea level. (The atmospheric
pressure at sea level is 14.7 1b/in.2.)

47. Consider the function f{x) = (1 + x)"* Estimate the limit
lim (1 + x)t*=
x—0

by evaluating f at x-values near 0. Sketch the graph of f.

means that for each & > 0 there corresponds a 8 > 0 such that
if0 < |x — 2| < &, then

xt—4
x—2

—4| < &

If ¢ = 0.001, then

2 - 4
— 4
2

< 0.001.

x -

Use a graphing utility to graph each side of this inequality. Use
the zoom feature to find an interval (2 — 8,2 + 8) such that
the graph of the left side is below the graph of the right side of
the inequality.

True or False? In Exercises 49-52, determine whether the
statement is true or false, If it is false, explain why or give an
example that shows it is false.

49. If f is undefined at x = ¢, then the limit of flx} as x
approaches ¢ does not exist.

50. If the limit of £(x) as x approaches c is 0, then there must exist
a number & such that f(k) < 0.001.

51 If f(e) = L, then lim f(x) = L.
. If lim f(x) = L, then f{c} = L.

X
Programming Use the programming capabilities of a graph-
ing utility to write a program for approximating Tim f(x).
X0
Assume the program will be applied only to functions whose

limifs exist as x approaches ¢. Let ¥, = f(x) and generate two
lists whose entries form the ordered pairs |

(e £[0.1]", fle = [0.1]")
forn =0,1,2,3,and 4.

E@ 54, Use the program you created in Exercise 53 to approximate the

limit
Coxrt=x-12
lim ———————
x—=4 X — 4

55. Prove that if the limit of F(x) as x— c exists, then the limit must
be unique. [Hirnt: Let

Lm f{x} = L, and limf{x) =L,

X—=C
and prove that L, = L,.]

56. Consider the line f(x) = m.x + b, where m # 0. Use the &8
definition of a limit to prove that lim f(x) = mc + b.
X—C

57

Prove that lim f{x) = L is equivalent to lim [ f(x) — L] = 0.
xX—C X—o¢

58

Given that Iim g(x} = L, where L > 0, prove that there exists
x—=c

an open interval (a, b) containing ¢ such that g{x) > 0 for all
x # cin (g, b). .
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" Evaluating Limits Analytically 05

EXERCISES FOR SECTION 1.3

% In Exercises 1-4, use a graphing utility to graph the function

, x
and visually estimate the limits. 35. lim tan| -~

=3

36. lim sec(%)

x—7

1 h(x) = x* — 5x
(a) lin’; h(x}
(®) lim h(x)

2. glx} =

12(x - 3)
x—9
(@) lim g(x)

(b) lim g(x)

In Exercises 37-40, use the information to evaluate the limits,

37. limf(x) =2
X—=C
lim g(x) =3

r—c

38,

lim f(x) = 3
X
1
2

lim gix) =

X—=3C

3. fl) = xcosx 4. 7 =t = 4| (@) lim [5g(x)] () lim [4/(x)]
. ]_i t X=3C A—*C
@ limf (x)( | @ it )() ® lim [£6) = 5] ® lim [£6) + g00)]
by lim fl(x (b) lim £ e e
87 A © lim [£()20] © lim [FWs0] |
In Esercises 5-22, find the limit. @ tim 7% @ tim L% |
. . e gz} e glx) '
5. lim x* 6. lim x°
x—2 #=+=2 39, limf{x) = 4 40. lim f{x} = 27 !
7. llm (2x — 1 8 I 3x+ 2 a—e ‘ i :
xl—%( ) x_1>n33( x+2) (a) Um[F{x) (a) lim ¥F(x) :
9. lim, {(x + 3x) 10. lim (—x2+ 1) e e 0
== x— - / :
11 lim (26 + 4x + 1) 12 lim (3 — 26 + 4) (b} lim V() () Hm=e
x>~ x—
7 | © lim [3 )] © tim G2
3. lim W lim 3 @ lim [ F(x)]/2 (@ lim [£(x)]**
A= X=3C
15. lim 22 16. fim 23
- am 244 : II_IS *x+5 In Exercises 41-44, use the graph to determine the limit visually
5% N (if it exists). Write a simpler function that agrees with the given
17. lg‘r}’ N 18. JICIE% ) function at all but ene point.
- : g2 2 _
1.l v AR a1 gty =2 42, ) = =2
21. lim (x + 3)2 22, lim (2x — 1)3 :
x—y—d X0 y Y
In Exercises 2326, find the limits. 72I ~I:
23, flx) =5—=x glx) = ol
“(a) Lim f {x} (b) lim g(x) (c) lim g(f(x)) -3
e x4 x—1 4
24, flx) =x+ 7, glx) = x? ' ' | x 5
-2 - T

@ lm f() (b) lim g(x)
25 flx) =4 —ux% o) = Vx + 1
(a) chgf} fx) (b) 11_1)1% glx)

© Jim, #(/(:)
(a) 111112 h(x) IF

(b) lim A{x)
x=0 . 7

(a) lim g®)

© lim g(£() ® lim g

' = 9y2 =23 < i
26, f(x). 27— 3x 4+ 1, g(x). Yr+6 5. o) = 50 lx PP R
{a) lim f{x) (b lim glx) (©) lim g(f(x)) * o |
Py} x—21 x—4 S ¥ . ;
In Exercises 27-36, find the limit of the trigonometric function. T T K
. l—— ‘T
2l
27, lim sinx : 28. lim tan x T . |
oo/ e 4 J Tz 3
29, lim cos = 30. Tim sin = i T 3
« lim cos — » lim sin = > i PEA )
3L 1 . i . : '
e . iy cos 3 (@) lim ¢(x) @ lim £
33, lim si 34, i ; -
(L, sinx Jm, cos x (®) lim glx) (b} lim f(x)
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B 1 Fxercises 45-48, find the limit of the function f it exists).
Write a simpler function that agrees with the given function at
_all but one point. Use a graphing utility to confirm your result.

. x2 -1 A 2)62' —x—3
. ‘45' xgnjl‘x +1 46. Ix1—1>n—11 x+1
3_

47, lim 58 48. lim &1

=2 X — ——1x+1
In Exercises 49-62, find the limit (if it exists).

. x—3 . 2—x
¥ I o5 S0 lima
. 2+ x—6 L o x—5x+4
51. x1—1>r93 -9 52. )](1—[}}1 ¥ —2x— 8
., JE T —\/5 . \/2+x#\/§

53, lim————— 5, lim————

x—=0 X -0 x
55, lim Y233 a6 lim YT L2

x—4 x—4 123 x—3

— + J—

o o WO+ AI- W) o [V 4] = 0/9)

x—0 X x—0 X

— 2 _ 2

59, lip 2ET A%~ 2x 60, 1im A"

Ar—30 Ax Ar—0 Ax
6L lim F+Ax2—2x+Ax)+1—-(GEFP—2x+ 1)

" Ars0 Ax
62, fm FHAP 2
" Axo0 Ax

Graphical, Numerical, and Analytic Analysis In Exércises
63— 66, use a graphing utility to graph the function and estimate
the limit. Use a table to reinforce your conclusion. Then find the
limit by analytic methods. '

63. lim Srr2- 2 64, lim L= YE
x—=0 X i=le X — 16

65. lim L@+ 2] = (1/2) 66. lim > 22
=0 x X2 X — 2

In Exercises 67-78, determine the limit of the trigonometric
function (if it exists).

67. lim =2

=0 X

. sinx(1 — cosx)
69. Jlgr[l) 25>

2
7. Jim 22

73, lim

COS X
1m
r—m/2 Cot x

- 75,

77, lim sin 3¢
=0 2t

78, lim 202X [
0 8in 3x

Hint: Find lim

68. lim S =08 %)

x—0

20. im cos fftan 6
-0

J tanx
72, Iim
x=0 X

74, lim ¢ sec ¢

-
. 1 —tanx
lim ——m
x—arf4 8INX — COS X

(2 sin Zx)( 3x ) ]
=D\ 2x 3 sin 3x/°

76.

ﬁﬁ Graphical, Numerical, and Analytic Analysis In Exercises
7982, use a graphing utility to graph the function and estimate
the limit. Use a table to reinforce your conclusion. Then find the
limit by analytic methods.

in 3¢
79. lim 22 80. lim (1 + cos 2)
t—0 f h—0
o .
W 8 . . s X 2. . s X
Ly 82 Yy

flx + Ax) — f(x).

In Exercises 83—-86, find lim
Ax—0

Ax
83, flx}=2x+3 84, f(x) = Vx
85. F(x) = % $6. f(x) = x* — dx

In Exercises 87 and 88, use the Squeeze Theorem to find

lim f(x).

r—=e

87. ¢ =0
4—x2 < f(x) 4+ x2

88, c=ua

b—|x—al sfx}sb+ |x—al

: In Exercises 89-94, use a graphing utility to graph the given
function and the equations y = |x] and y = —|x| in the same
viewing window. Using the graphs to visually observe the
Squeeze Theorem, find !1_1)1'1) ).

89. flx} = xcosx
91, f(x} = |x|sinx

90. f(x) = |xsinx
92. f(x) = [x] cosx

93, flx) ==x sin% 9., kix) = xcos%

95. In the context of finding limits, discuss what is meant by
two functions that agree at all but one point.

96. Give an example of two functions that agree at all but one
point.

97. What is meant by an indeterminate form?

98, In your own words, explain the Squeeze Theorem.

: 99, Writing Use a graphing utility to graph
flx)==x glx}=sinx, and hlx)= %

in the same viewing window. Compare the magnitudes of f(x)
and g(x) when x is “close to” 0. Use the comparison to write 2
short paragraph explaining why

lim Alx) = 1.

x—=0
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% 100. Writing Use a graphing utility to graph ) True or Folse? In Exercises 113-118, determine whether the
' , - statement is true or false. If it is false, explain why or give an |
) = x, glx) = sin?x, and hx) = 22 example that shows it is false. '
in the same viewing window. Compare the magnitudes of f(x) 113. )l‘gn J;" 1 114. )165% ¥=0 il

.and g{x) when x is “close to” 0. Use the comparison to write &

short paragraph explaining why 115. If f(x) = g(x) for all real numbers other than x = 0, and

lim f{x) = L

lim A(x) = 0. I .
. =0 then E i 1{3
lim glx) = ' ! h |
Free-Falling Object In Exercises 101 and 102, use the position 50 e
function s(t) = — 1642 + 1000, which gives the height (in feet) of . _ - s
an object that has fallen for ¢ seconds from a height of 1000 feet. 116. If Ln}f (x) = L, then f(c) = L. Ll
The velocity at time ¢ = a seconds is given by 3. x<2 . ‘
117, lim f{x) = 3, where f{x}) = {’ N g
| s@) — s0) r—32 0, x>2 |
mem ‘ 118. If f(x) < g(x) for all x # q, then ‘
101. If a construction worker drops a wrench from a height of 1000 lim f{x) < lim g(x). 5
feet, how fast will the wrench be falling after 5 seconds? il e g
- 102. If a construction worker deS. a wr@nch fromaheightof 1000 . 119, Think About It Find a function f to show that the converse }
f:ﬁtl’ﬂ‘:len w11E1] 1.;he Wrtetn; h bit Fh;qground? At.what velocity - of Exercise 112(b) is not true. [Hins; Find a functien f such
ch impact the ground?
w(ren P grou ~ that lim [f(x)| = |Z| but Lim f(x) does not exist.] | '
x—=¢ x=c . i
Free-Falling Object Tn Exercises 103.and 104, use the position 120, Prove the second part of Theorem 1.9 by proving that 1t
function s(f) = —4.9¢% + 150, which gives the height (in meters) 1 — cosx i
of an object that has fallen from a height of 150 meters. The iim ——=—=0. bl
velocity at fime ¢ = 4 seconds is given by !
121, Let f(x) = 0, if xis rational I
lim sla) — s(t) ) 1, if xis irrational ]‘Ii i
—_— : : i
toe a4 — and ' i||[
103. Fin_d the velocity of the object when ¢ = 3. g(x) _ {D, if x is rational i
104. At what velocity will the object impact the ground? %, if xis irrational. ‘l| ]
' Find (if possible) lim f(x) and lim g{x). ‘!‘ I
105, Find two functions f and g such that Iir% F(x) and Iir% glx) do . 20 =0 b ‘
a—H x> : . ¥
not exist, but Iim [/(x) + g(x)] does exist. Eé 122. Graphical Reasoning Consider f(x) = w#.
X .
106. Prove that if hm f(x) exists and hm [(x) + g(x)] does not (2) Find the domain of f ' ' I
' gl
exist, then Jlgg g(x) does not exist.” . (b) Use a graphing utility to graph f. Is the domain of f il
107. Prove Property 1 of Theorem 1.1. obvious from the graph? If not, explain. i“ﬂ
108. Prove Property 3 of Theorem 1.1. (You may use Property 3 of {¢) Use the graph of f to approximate li_f)%f (x). :
. Theorem 1.2.) : (d) Confirm the answer in part (c) analytically. ' |
109.  Prove Property 1 of Theorem 1.2. 123. Approximation :
b 110. Prove that f lim f(x) = 0, then lim | /()| = 0. 1 - cosx H|

(a) Find ﬁ[I[l) Y
111. Prove that if lim f (x) = O and | g(x | < M for a fixed number -
M and all x # ¢ c then hm flx)glx ) 0.

(b) Use the result in part (a) to derive the approximation
cos x = 1 — 3x2 for x near 0.’

112. (a) Prove that if ilgl ‘f | = 0, then ll_glf (x) = 0. {c} Use the resuli in part (b} to approximate cos(0.1). i
(Note: This is the converse of Exercise 110.) (d) Use a calculator to approximate cos(0.1) to four decimal }

(b) Prové that if im £(x) = L, then lim | £(s)| = |, places. Compare the result with part (c). i
X0 X—=C

] : . 124. Think About It When using a graphing utility to generate a !
[Hins: Use the inequality [|f(x)] — |Z] < |f(x) - L|.] table to approximate IiI% [(sin x}/x], a student concluded that |
X

the limit was 0.01745 rather than 1. Determine the probable ‘
cause of the error. Al
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The bisection method for approximating the real zeros of a continuous function
is similar to the method used in Example 8. If you know that a zero exists in the closed
interval [a, &], the zero must lie in the interval [a, (@ + b)/2] or[(a + b)/2, b]. From
the sign of f({a + b]/2), you can determine which interval contains the zero. By
repeatedly bisecting the interval, you can “close in” on the zero of the function.

5 TECHNOLOGY You can also use the zoom feature of a graphing utility to approx-
i imate the real zeros of a continuous function. By repeatedly zooming in on the point
i1 where the graph crosses the x-axis, and adjusting the x-axis scale, you can approx-
il imate the zero of the function to any desired accuracy. The zero of ®+2x—1is

approximately 0.453, as shown in Figure 1.38.
02 0.013
—0.2|* ‘J 1 0.4 los
L
-02 —0.012

H Figure 1.38 Zooming in on the zero of fx) = x* + 2x ~ 1

In Exercises 1-6, use the graph to determine the limit, and In Exercises 7-24, find the limit (f it exists). If it does not exist,

discuss the continuity of the function. explain why.
(a) Tim flx) (b} lim fix) (¢) lim f(x) . x—35 : o 2-x
x—et x-sc” x=¢ 7, lim — ¢ 8. lim 5——;
x5t x2 — 25 2t X2 — 4
1. 2 ¥ % )

¥ .
: 9. lim =
z 3 0 &-=_2 2 x—==3" X X
’ -2
! / \ ' 1. tim A 12, tim =2
} ! - X | X 0" X =2t X T 2
1 2 3 4 -2 1 1 .
B FAx x
2 c=3 ‘ -2 13, lim rror =
(=2, -2) Ax—s0™ Ax
y ' - .

(x+Ax)2+x+Ax4(x2+x)

. 4. . i
3 14 A;lcl-rarflﬁ Ax
+
X 2 2, x<3
15. lim_f(x), where f(x) = 2
x—3 x> 3
3
X . e —dxt+6, x<2
N 16. J1(1_>r%f(x), where f(x) = {_x2 fax—2 122
5. . ' PR 1
? 6 17. lim f(x), where f(x) = { lox<
34 4,7) x—1 x+1, xz21
T e
1+ e=4 18, xli)rxll+f(x), where f(x) = {)16’_ . ‘ i; |
- ’
14123456 19, lim cotx 20. lirr;2 sec x
X=>T X=2 T,
S @ 21. tim (3[d - 5) 22, tim (2x — [2])
r—d- x—2*

23, lim (2 — =) 24. Pi“l(l - u_ﬂ\)
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In Exercises 25-28, discuss the continuity of each function. 4 —2x, x<?2
o 1 2 =1 8. Jx) = dx+1, x>2
. = 26. = :
25 f(x) xz — 4 f(x) x + I ( ) ltan _ |x‘ < 1
49, f{x
¥ ¥ x, |x| =
E 3_t 3 ese TX, |x—3|£2
Lo 24+ 50. fix) = 6
- 14 2, |x=3]>2
N el 32 s 51 f(x) = csc2x 52. f(x) = tan 7
: 3’: 53 f(x) = lx — 1] 5. flx) =3 — [x]
B In Exercises 55 and 56, use a graphing utility to graph the
. x, ¥ <1 function. From the graph, estimate
27, f(x) = o] -+ x 28. flx) =12, x=
=1, x> 1- b flx)  and  Jim f(x).
. x—0* x—
¥ ¥
Is the function continuous on the entire real line? Explain.
3 3+ ‘
2+ 2t e 52 — 4|x |2 + 4] (x + 2)
al ,l 55. ) = =—_ 56. [y = ——,
——+ -t —1—+ ——-=x
~3—2—V, 123 3-2 /L1123 ,
| ey In Exercises 57-60, find the constants & and b such that the
/f 3. : a3t function is continuous on the entire real line.
. ,57f()=x3, x<2 58, glx) = Em—x,x<0
In Exercises 29-32, discuss the continuity of the function on the A ax?, x> 72 " 8 a—2% £30

closed interval.
29, g(x) = V25 — &2, [-5,5]

2, x< -1
59, fx) =jax+b, —1l<x<3

30. f(0 =3 - V9 - £, [-3,3] , -2, xz3
—x, x=0 2 2
) = { » 1=1,4] ¥ 2
3+1y x>0 60. g)={ x_a’ 7 ¢

1 8, x=a
R, glx) = R [-1,2]
In Exercises 61-64, discuss the continuity of the composite

. . - . . function A(x) = f(g(x)).
In Exercises 33-54, find the x-values (if any) at which f is not

continuous. Which of the discontinuities are removable? 61. f(x) = x2 62. flx) = 1
;’;3.f(x):x2—2x+1 34.f(x)=m g =x—1 gx) =x — 1
1 .
35, flx) =3x —cosx 36. f(x) = cos? 63. flx) = Y —6 64. f@ = smx
. . P o) =2+ 5 g =
P = 8. f) = a7
2 ] In Exercises 65-68, use a graphing utility to graph the function,
39 flx) = = J_Cl_ I 40. f(z) = ch 9 Use the graph to determine any x-values at which the function
is not contmuous :
_ x+2 __x—1 1
11. f(xJ - %2 — 3x — 10 42. f(x) - 24+ x=2 65. f(x) = I[x]] - X 66, h(x) m
2x—4, x=3 :
x + 2] x—3 - :
43. f(x) = J;r—z[-f/ M. flx) = Jml 67. glx) = {xz —2x, x>3
x=1 2x+3, x <l Jeosx — 1
: = _—, < 0
4. flx) = Lz x> 1 46. f0x) = {xz, xz1 68. flx) = X *
I+l x<2 . 5z, xz20

47. flx) = {

3-x, x>2

ﬁ
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In Exercises 69-72, describe the interval(s) on which the
function is continuous.

69, f(x} =

70. () = x/x + 3

X
2+

@lé Writing  In Exercises 73 and 74, use a graphing uiility to graph
the function on the interval [—4, 4], Does the graph of the func-
tion appear continuous on this interval? Is the function contin-
uous on [—4, 4]? Write & short paragraph about the importance
of examining a function analytically as well as graphically,

73, f(x) = % 74, flx) = f - 28

Writing In Exercises 75-78, explain why the function has a
zero in the speciﬁed interval.
75. f{) x - x4 3, [1,2]
(}=x3+3x~2, {0, 1]
77. f(x) =x*—2— cosx, [0, 7]

78. Fx) = ”% + tan(%), 1,37

E% In Exercises 79-82, use the Intermediate Value Theorem and a
graphing utility to approximate the zero of the function in the
interval [0, 1]. Repeatedly “zoom in” on the graph of the function
to approximate the zero accurate to two decimal places. Use the
root-finding capabilities of the graphing ntility to approximate
the zero accurate to four decimal places.

T
T ) =x+x-1
80, flx) =x*+3x—2
81. g(t) = 2cost — 3¢
82. M) =1+6—3tan b

~ In Exercises 83—86, verify that the Intermediate Value Theorem

applies to the indicated interval and find the value of ¢ guaran-
teed by the theorem.

83, flx} = x>+ x — 1, [0,5], fFle)=11

84. f(x) = x2 — 6x + 8, [0,3], fFfl&=0

85._ F)y =2 —x+x -2, [0,3], fle)=4

fly = 2 — [24] o) = 6

87. State how continuity is destroyed at x = ¢ for each of the
following.

(@ » ®) v

~

X

[ S

1
1
1

4

) ¥ (d) ¥

. /T
I
I
|
|
1
'
4

ob-- e --

88. Describe the difference between a discontinuity that is
removable and one that is nonremovable. In your explana-
tion, give examples of the following.

(a) Afunction with a nonremovable discontinuity at x = 2.
(b) A function with a removable discontinuity at x = —2,
(c) A function that has both of the characteristics described
in parts (a) and (b).
89. Sketch the graph of any function f such that
 lim flxy=1 and lim f(x) = 0.
x—33+ X33
Is the function continuous at x = 37 Explain.

90. If the functions f and g are continuous for all real x, is f + g
always continuous for all real x? Is f/g always continuous
for all real x? If either is not continuous, give an example to
verify your conclusion. :

91. Think About It Describe how the fimctions f{x) = 3 + [x]
and g(x) = 3 — [—x] differ.




92. Telephone Charges A dial-direct long distance call between
two cities costs $1.04 for the first 2 minutes and $0.36 for each
additional minute or fraction thereof, Use the greatest integer
function to write the cost ¢ of 2 call in terms of the time ¢
{(in minutes). Sketch a graph of this function and discuss its
continuity.

93, Inventory Management The number of units in inventory in
a small company is given by

| N(p = 25(2[5_;—2” - z)

where ¢ is the time in months. Sketch the graph of this function
and discuss its continity. How often must this company replen-
ish its inventory? '

94. Déja Vu At 8:00 am. on Saturday a man begins rumning up
the side of a mountain to his weelkend campsite (see figure}, On
Sunday morning at :00 A.M. he runs back down the mountain,
It takes him 20 minutes to run up, but only 10 minutes fo run
down. At some point on the way down, he realizés that he
passed the same place at exactly the same time on Saturday.
Prove that he is correct. [Hins: Let 5(r) and r(f) ba the position
functions for the runs up and down, and apply the Intermediate
Value Theorem to the function f(7) = s(e) = +{n.]

rawn to scale

()
Saturday 8:00 Am. Sunday 8:00 .M.

95. Volume Use the Intermediate Value Theorem to show that for
all spheres with radii in the interva [ 1, 5], there is one with a
volume of 275 cubic centimeters,

96. Prove that if Fis continuous and has no zeros on [, b], then either
F&x) > Oforall xia [a, &] or f(x) < 0 for all x in [a, &].
97. Show that the Dirichlet function

£ = {

is not continnous at any real number.
98. Show that the funcrion

0, if x is rational
1, if xis irrational

f) = 0,  ifxis rationat
kx, if xis irrational
is continuous only at x = 0. (Assume that % is any nonzero real
number.)
99. The signum function is defined by

-1, x< 0
sgn{x} =10, x=0
1, x> 0

Sketch a graph of sgn(x) and find the following (if possible).

(a) _lir(l)‘{ sgn(x)

(b) lim sgn(x) (©) lim sgn(x)

SECTION 14 Continuity and One-Sided Limits 79

True or False? In Exercises-100—103, determine whether the
statement is true or false. If it is false, explain why or give an
example that shows it is false.

100, If lim f(x) = L and f{c) = L, then fis continuous at ¢.
r—e

CI0L X £(x) = g(x) for x # ¢ and f(c) # gle), then either f or g is

not continuous at ¢,
102. A rational function can have infinitely many x-values at which
it is not continuous.

103. The fanction f(x) = lx—1l/x~ 1) is continuous on
(— oo, o). .

-

104, Modeling Data After an object falls for ¢ éeconds; the speed
§ (in feet per second) of the object is recorded in the table,

(a) Create a line praph of the data,

’

(b) Does there appear to be g limiting speed of the object? If
there is a limiting speed, identify a possible cause,

105. Creating Models A swimmer croses a pool of width b by

swimming in a straight line from (0,0) to (26, B). (See figure.)

{a) Let f be a function defined ag the y-coordinate of the point

on the long side of the pool that is nearest the swimmer at

any given time during the swimmer’s path across the pool.

Determine the function J and sketch jts graph. Is it

continuous? Explain,

{(b) Let g be the minimum distance between the swimmer and
the long sides of the pool. Determine the function g and
sketch its graph. Is it continuons? Explain.

¥

fo,m

106. Prove that for any real number v there exists x in (— 7/2, 7/2)
such that tan x = y,

107. Let () = (V3 72 — ¢)/x, ¢ > 0. What is the domain of
F? How can you define S atx = 0in order for [ to be contin-
uous there?

108, Prove that if Al,\imo Ffle + Ax) = £(0), then [ is continuous at ¢,
[

109. Discuss the continuity of the function h(x) = x[=x].

119. Let £,(x) and f,(x) be continuous on the closed interval [, b].
If fi(a) < fyla) and H{B) > £(B), prove that there exists ¢
between @ and & such that Ale) = £e).

B |
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"EXERCISES FOR SECTION 1.5

In Exercises 1-4, determine whether f{x) approaches o or 17. f(x) = tan 2x flx) = sec wx

— oo as x approaches —2 from the left and from the right. 1 _ 2 4
9. T =1-3 RO Gl k.2

t : 3x? —
x
P@»Hx—=2
Ax? 4+ 4x — 24

x* — 2x% — 9x2 + 18x

. x4l ; x2—4

2. g0) = x+1 24. hx) = B+ 2

_ 2=

) 2 —2x— 15
X 26. k(1) -
_tan @

TR -52+tx—5
4
27. 5{f} = E 28. g(6) = 2

21, f(x) =

22, f&x) =

Eﬁ In Exercises 29-32, determine whether the function has a verti-
cal asymptote or a removable discontinuity at x = —1. Graph
the function using a graphing utility to confirm your answer.

. x2—6x—7

30, flx) =—
fl ===

_sin{x + 1)
¥+ 1

-1
x+1
241
x+1

29, flx) =

3 flx) = 32, flx)

In Exercises 33—48, find the limit.
Numerical and Graphical Analysis  In Exercises 5-8, determine )
whether f(x) approaches co or —co as x approaches —3 from 33, lim ~— 3 34, lim
the left and from the right by completing the table. Use a graph- ¥o2t X~ 2 ad
ing utility to graph the function and confirm your answer, . s ’ 36. i x
: .\'—igl’ .\'2 + 16

lim G tx—1

(=12 dx? —dx — 3
xt—x L ox—2

39, lim 50— 40. lim ™

x=3 X

38.

41 1 ] - : 42, lim (xz — l)

. x—o07

44,

lim — Lim
x>0+ sin x x—={m/2)* COB X

45, Tim % - 46, lim =2
1 x—=0 COt X

43.

xX=>

47, lim xsec mx 48. lim x®tan 7x
1/ x—1/2

In Exercises 9-28, find thg vertical asymptotes (if any) of the In Exercises 4952, use a graphing utflity to graph the function
function. and determine the one-sided limit.
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53. In your own words, describe the meaning of an infinite
limit. Is co a real number?

54. In your own words, describe what is meant by an asymp-
tote of a graph.

55. Write a rational function with vertical asymptotes at
x=6andx = —2, and with a zero at x = 3.

56. Does every rational function have a vertical asymptote?”

- Bxplain.

57. Use the graph of the function f (see figure) to skeich the
graph of g(x) = 1/f(x) on the interval [—2, 3]. To print
an enlarged copy of the graph, go to the website
www.mathgraphs.com.

58. Boyle’s Law For a quantity of gas at a constant temperature,
the pressure P is inversely proportional to the volume V. Find
the limit of P as V=07,

59, A given sum § is inversely proportional to 1 — r, where 0 <
|| < 1. Find the limit of Sas r—1".

60. Rate of Charge A patrol car is parked 50 feet from a long
warehouse (see figure). The revolving light on top of the car
turns at a rate of § revolution per second, The rate at which the
light beam moves along the wall is

r = 50 sec” f ft/sec.

(a) Find the rate r when @ is #/6.
(b) Find the rate r when 8 is /3.
(c) Find the limit of r as 6— {7/2)".

61. Hlegal Drugs The cost in millions of dollars for a govern-
mentzal agency to seize x% of an illegal drug is

528x

=228 45«
T 0 < x < 100.

C

{(a) Find the cost of seizing 25% of the drug.
{b) Find the cost of seizing 30% of the drug.
{c) Find the cost of seizing 75% of the drug.
{d) Find the limit of C as x— 100~ and interpret its meaning.

62. Relativity According to the theory of relativity, the mass m of
a particle depends on its velocity v. That is,

g
1T — (/)

where m, is the mass when the particle is at rest and ¢ is the
speed of light. Find the limit of the mass as v approaches ¢~

63. Rate of Change A 25-foot ladder is leaning against a house
(see figure). If the base of the ladder is pulled away from the
house at a rate of 2 feet per second, the top will move down the
wall at a rate of

2x

r = ——— fi/sec
V625 — x*
where x is the distance between the base of the ladder and the

house.

{a) Find the rate » when x is 7 feet.
{b) Find the rate r when x is 15 feet.
(c) Find the limit of 7 as x > 257,

it

AR

6d. Average Speed On a trip of J miles to another city, a truck
driver’s average speed was x miles per hour. On the return trip
the average speed was y miles per hour, The average speed for
the round trip was 50 miles per hour.

(a) Verify thaty = x2—l25 ‘What is the domain?

(b) Complete the table.

x| 30| 40| 50| 60

¥y

Are the values of y different than you expected? Explain.
(¢) Find the limit of y as x— 257 and interpret its meaning.

E@ 65, Numerical and Graphical Analysis Use a graphing utility to

complete the table for each function and graph each function to
estimate the limit. What is the value of the limit when the power
on x in the denominator is greater than 37

S 11050201001 0001 | 00001
flx)
(@) lim 207 (b) lim ="
x—0t x>0 X
. X —sinx ., x—sinx
(C) xligilT X2 (d) ){I_lél’gk x4




ﬁ 66, Numerical and Graphical Analysis Consider the shaded

region outside the sector of a circle of radius 10 meters and
inside a right triangle (see figure).

(a) Write the area A = £(#) of the region as a function of @,
Determine the domain of the function.

' (b) Use a graphing utility to complete the table.

o 0306 ' 09 ‘ 1.2 ’ L5

S | | ’__J

{¢) Use a graphing utility to graph the function over the appro-
priate domain.

(d) Find the limit of A as 00— (7/2)~.

10m

Numerical and Graphical Reasoning A crossed belt connects
a 20-centimeter pulley (10-cm radius) on an eleciric motor with
a 40-centimeter pulley (20-cm radius) on a saw arbor (see
figure). The electric motor runs at 1700 revolutions per minute.

(a) Determine the number of revolutions per minute of the saw.
(b) How does crossing the belt affect the saw in relation fo the
motor?

(c} Let L be the total length of the belt. Write 7. a5 a function of
¢, where ¢ is measured in radians. What is the domain of
the function? (Hinz: Add the lengths of the straight sections
of the belt and the length of the belt around each pulley.)

(d} Use a graphing utility to complete the table.

¢ 03|06 ‘ 09 | 12 ’ 1.51

L | ||

(e) Use a graphing utility to graph the function over the appro-
priate domain,
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{(f) Find lim 1.
b (m/2)~

Use a geometric argument as the basis of a second method
of finding this limit.

(g} Find lim L.
$—0*

True or False? In Exercises 68-71, determine whether the
statement is true or false. If it is false, explain why or give an

- example that shows it is false.

68. If p(x) is a polynomial, then the function given by

£y = P

x—1
has a vertical asymptote at x = |,
69. A rational function has at least one vertical asymptote.
70. Polynomial functions have no vertical asymptotes.

71. If f has a vertical asymptote at x = 0, then [ is undefined at
x=0. .

72. Find functions f and g such that
limf{x) = co and lim g(x) = oo
ey P
but lim [ f(x) — g(x)] + 0.
73, Pro;c: tiw remaining properties of Theorem 1.15.

74. Prove that if lim f(x) = co then lim 0.

1
X x—¢ f(x)

75. Prove that if lim . 0 then lim #(x) does not exist.
x—=c f(x) r—c

SECTION PROJECT

Recall from Theorem 1.9 that the limit of f(x) = (sinx)/x as x
approaches Ois 1.

(2} Use a graphing utility to graph the function £ on the interval
—# .= 0 < . Explain how this graph helps confirm that

x=0 X .
(b) Explain how you could use a table of values to confirm the
value of this limit numerically. '

(¢y Graph g(x) = sinx by hand. Sketch a tangent line at the point
{0, 0) and visually estimate the slope of this tangent line.

(d) Let (x, sin x) be a point on the graph of g near (0, 0), and write
a formula for the slope of the secant line joining (x, sin x) and
{0, 0). Evaluate this formula for x = 0.1 and x = 0.01. Then
find the exact slope of the tangent line to g at the point (0, 0).

(e) Sketch the graph of the cosine function h(x) = cos x. What is
the slope of the tangent line at the point (0, 1)? Use limits to
find this slope analyticaily. :

(f) Find the slope of the tangent line to k(x) = tan x at (0, 0).




