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SECTION 2.1 The Derivative and the Tangent Line Problem 101

f TECHNOLOGY Some graphing util- . T T
ities, such as Derive, Maple, Mathcad, "THEOREM 2.1 - Differentiability Implies Contimyity
Mathematica, and the TI-89, perform ' o e B
symbolic differentiation. Others
perform numerical differentiation by
finding values of derivatives using the
{i formula : Proof You can prove that f is continuous at x = ¢ by showing that f(x) approaches
) P+ Ax) — 7(x — Ax) fle) as x> c. To do this, use the differentiability of f at x = ¢ and consider the

If f is differentiable at x = ¢, then f is continuous at x = c.

Flx) = T fellowing limit,

where Ax is a small number such as - lim [f(x) — f(c)] = lim [(x ) (M):l

0.001. Can you see any problems with S e r-c

this definition? For instance, using this |y o Sf) fle)
| definition, what is the value of the - [)1;1_{2 b= C)][EE}; X—c
H derivative of f(x) = |x| when x = (7 ,

| ' = O]
=0

Because the difference f(x) — f(c) approaches zero as x —c, you can conclude that
lim fx) = f(c). So, f is continuous at x = ¢, ey

You can summarize the relationship between continuity and differentiability as
follows.

) 1, If a function is differentiable at x = ¢, then it is continnous at x = ¢, So, differen-
. tiability implies continuity. '

2. It is possible for a function to be continuous at x = ¢ and not be differentiable at
X = ¢. S0, continuity dees not imply differentiability.

EXERCISES FOR SECTION 2.1

In Exercises 1 and 2, estimate the slope of the graph at the point In Exercises 3 and 4, use the graph shown in the figure. To
(x, ¥). print an enlarged copy of the graph, go to the website
) www.mathgraphs.com.
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In Exercises 5-10, find the siope of the tangeit line to the graph
of the function at the specified point.

5. flny=3—-2x (~15)
6. gy =3x+1, (-2,-2)
7. () =22—4, (1,-3)

8 zlx)=35 T ¥, (2.1)
9, () =3¢t — 2, (0,0}
10. & =12 +3, (=2,7)

In Exercises 11-24, find the derivative by the limit process.

12, olx) = =5

14, f(x) =3x + 2
16. flx) =9 — ix
18. f(x) = 1 — &?
20, Flx) = x° + x2

1. f(x) = 3

13. f(x) = —3x

15. A(s) = 3 + 35

17 fl) =22+ x — 1
19. f(x) = x3 — 12x

2. ) = S 2.1 =3
23, fx) = Vx+ 1 24. f(x) = %

In Exercises 25-32, (a) find an equation of the tangent line to the
graph of f at the indicated point, (b} use a graphing utility to
graph the function and its tangent line at the point, and (c) use the
derivative feature of a graphing utility to confirm your results.
25, f) =x24+1, (2, 5)
26, flx) =x?+2x + 1,
27, f) =2 (2,8)

28. ) =x+1, (1,2
29, fix) = v (L)
30, fx) =vx— 1, (52

3. fx) = x + % 4, 5)

(=3.4)

32. F(x) = x—i—l ©,1)

In Exercises 33-36, find an equation of the line that is tangent
to the graph of f and parallel to the given line.

Function Line
33 flx) =3 x—y+1=0
M. fx)=x"+2 Ix—y—4=0
35.f(x)=-%/— X+ —6=0
‘ x
36.f()c)=\/lt1 x+2y+7=0
e

37. The tangent line to the graph of y = g(x) at the point (5,2)
passes through the point (9, 0). Find £(5) and g’(5).

38. The tangent line to the graph of y = h(x) at the point (—1,4)
passes through the point (3, 6). Find h(—1) and R{—1).

In Exercises 3942, the graph of f is given. Select the graph

of .

39.

41.

(a)

(c)

43.

44.

45,

46.
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Sketch a graph of a function whose derivative is alwdys
negative.

Sketch a graph of a function whose derivative is always
positive.

Assume that £{¢) = 3. Find f{—c¢) if (a) f is an odd func-
tion and if (b) f is an even function.

Determine whether the limit yields the derivative of a

differentiable function f. Explain.

- Flx + 24x) — fx)
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In Exercises 47 and 48, find equations of the two tangent lines
to the graph of f that pass through the indicated point.

47, flx) = dx — x2 48. F(x) = x2
¥ . . ¥

—t
\s

[
7 1
A 1 2 3

" 49. Graphical Reasoning The figure shows the graph of g°.

Fl

¥
6-- .
il g
24 .
-t H+—— x
-6 -4 \ / 4 6
_4 .
—§ 1
@ g1(0) =1
b) g(3) = iz
(c) What can you cunclude about the graph of g knowing that
g{i) = -%
{d) What can you conclude about the graph of g knowing that
g4 =
{e) Is g(6) — g(4) positive or negative? Expiain.

(f) Is it possible to find g(2) from the graph? Explain.

. Graphical Reasoning Use a graphing utility to graph each
function and its tangent Hnes whenx = —1,x = 0, and x = 1.
Based on the results, determine whether the slope of a tangent
line to the graph of a function is always distinct for different
values of x.

@ flx) = (b) glx) = %*

Graphical, Numerical, and Analytic Analysis In Exercises 51
and 52, use a graphing utility to graph f on the interval [-2, 2].

- Complete the table by graphically estimating the slopes of the

graph at the indicated points. Then evaluate the slopes analyti-
gally z_md compare your results with those obtained graphically.

x| -2]-1s| -] -0s|ofos|11s]2
F)

&)

S51. f{x) = §x° 52. F(x) = ix2
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Graphical Reasoning In Exercises 53 and 54, use a graphing
utility to graph the functions f and g in the same viewing window

where
o) = fFlx +001) f(x)
0.01
Label the graphs and describe the relationship between them,
53, flx) = 2x — x2 54, f(x) = 3/

In Exercises 55 and 56, evaluate f{2) and f(2.1) and use the
results to approximate f/(2).

55. fx) = x(4 — x) 56. f(x) = jx3

& g Graphical Reasoning In Exercises 57 and 58, use a graphing
utility to graph the function and i#ts derivative in the same view-
ing window, Label the graphs and describe the relationship
between them.

1 x3
57.f(x)—\/; 58. f()m4 3x
ﬁ Writing In Exercises 59 and 60, consider the functions f and
Sa, where
. 2+ Ax) ~ f(2
Sy = LEXEDTD g 4 sa)

(a) Use a graphing utility to graph f and S,, in the same
viewing window for Ax = 1, 0.5, and 0.1. '

(b) Give a written description of the graphs of S for the dlffer-
ent values of Ax in part (a).

9. f(x) = 4 — (x — 3)2 60.f(x)=x+%

In Exercises 61-70, use the alternative form of the derivative to
find the derivative at x = ¢ (if it exists).

6L fx)=x2—1, c=2 62. gy =x(x— 1), ¢=1
63. f) =23+ 2x2 4+ 1, c=-2

64, fix) =23 +2x, c=1 65. g(x) = V|1, e=0

66. fix) =1/x, c=3 67, fFlx) =[x — 63, ¢=6
68. glx) ={x+ )3, ¢=-3

69. h{x) =[x+ 35|, ¢ = -5

0. fx) =|x—4|, c=4

In Exercises 7180, describe the x-values at which f is differen-
tiable,

2 = |x + 3] 72, f(x) = |x2 - 9]
y ¥
5.__
4__
34
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78. f(x) =
8. ) = =
y

r>1
x=<1

In Exercises 8184, find the derivatives from the left and from
the right at x = 1 (if they exist). Is the function differentiable at
x =17

81 f(x) = |x — 1] 82. f(x) = V1 - 22
SR I TR

In Exercises 85 and 86, determine whether the function is
differentiable at x = 2.

241, x<2
Ss'f(x}=[4x—3 x> 2

9 87. Graphical Reasoning A line with slope m passes through the

point (0, 4) and has the equation y = mx + 4.

{(a) Write the distance d between the line and the point (3, 1) as
a function of m. .

(b} Use a graphing utility to graph the function 4 in part (a).
Based on the graph, is the function differentiable at every
value of m? If not, where is it not differentiable?

88. Conjecture Consider the functions f(x) = x2 and g(x) = %

{a) Graph f and f” on the same set of axes.

(b) Graph g and g on the same set of axes.

(c) Identify any patiern between the functions f and g and their
respective derivatives. Use the pattern to make a conjecture
about 4(x) if A(x) = x", where n is an integer and n = 2.

(d) Find f(x) if f(x) = x* Compare the result with the conjec-
ture in part (c). Is this a proof of your conjecture? Explain,

True or False? In Exercises 89-92, determine whether the
statement is true or false. If it is false, explain why or give an
example that shows it is false.

89. The slope of the tangent line to the differentiable function f at
the point (2, f(2)) is
flr + Ax) — f0)

Ax ’

90. If a function is continuous at a point, then it is differentiable at
thai point.

91. If a function has derivatives from both the right and the left at
a point, then it is differentiable at that point.

92, If a function is differentiable at a point, then it is continuous at
that point.

1
2 —
and g(x) = xisin> x F 0.
0, x=0 0, x=0
Show that f is continucus, but not differentiable, at x = 0.
Show that g is differentiable at 0, and find g(0).

1
93. Letf() = {~ 0y * 70

Writing Use a pgraphing ufility to graph the two functions
flx) =x2 + 1 and g(x) = |x| + 1 in the same viewing window.
Use the zoom and frace features to analyze the graphs near the
point (0,1). What do you observe? Which function is
differentiable at this point? Write a short paragraph describing
the geometric significance of differentiability at a point.
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EXERCISES FOR SECTION 2.2

] In Exercises 1 and 2, use the graph to estimate.the slope of the @“ y = T in # — cos 6 (20.) g = wcost
tangent line to y = x* at the point (1, 1). Verify your answer o 2 .

7 analytically. To print an enlarged copy of the graph, go to the /Zl.xy =42 — %COS x @ y =5+ sinx

. website www.mathgraphs. com.

; 1 -
Y= . -+
Q(a) y = x1/2 (by y = 32 23. v o Jsinx 24. v (2x)3 2008 x

i

In “Exermses 25-30, complete the table, using Example 6 as a
" model.
r7_‘L/€4'| Original Function Rewrite Differentiate Simplify
b
28, y = é .
’ 30. y = %

B j In Exercises 31-38, find the slope of the graph of the function at

the indicated point. Use the derivative feature of a graphing
utility to confirm your results.
Function Point PO
- T - 4\{3<2 et
“&3/1' f()C) :‘x"_z (I: 3) ( R 4 -'i-\‘l:O'
o '0 W o
32 () =3 > (%,2) et
5t _\\jiﬂ
@B /9= -4+ I (0.~
3.y =13 -6 (2,18)
(38 y= (2 + 1 (0, 1)
36 f(x) = 3(5 — x? (5,0)
(3. f(0) =4sing— ¢ (0,0)
38. g0 =2+ 3coss (7, —1)

In Exercises 39-52, find the derivative of the function.

@f(x)=x2+5*3x‘2 40. f(x)=x2—3x*3x"j" '
@y = - @le-ro-2 a2 f0) =5t L
(& y=x R I x
Nt 2% —3x + 1
Gy=1 L Moy =TT
9, flx) = 3 / 10 olx) = 4% \é_l‘? y=x(x2+ 1) 46. y = 3x(6x — 557 _‘
MDFG) =+ 1 T3 g0 = 35 — 1 (47 1) = v~ 6 9 Bl = Y+ Ve —
f(a‘) = =22 4% —¢ 114‘ y=12+2 3 @-/. h(s) = %5 — s2/3 50. f(z) = 273 _(51/3 +4 * k
> 8(x) = x? + 4x3 (Iﬁ\y—S—xs Cl/ flx} = 6/x+ 5cosx ;52.f(x)=—35—_+3cosx e
s =3 -2+ 4 { 18\f( ) =2x3 — x2 + 3 . L YE A
: ' o e B "

§
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114 CHAPTER 2 Differentiation

In Exercises 53-56, (2) find an equation of the tangent line to the
graph of f at the indicated point, (b) use a graphing utility to
graph the function and its tangent line at the point, and (c)use the
derivative feature of a graphing utility to confirm your results.

Function Point
53,y =x* — 3x2 42 (1,0
54, y=2x3 +x (-1,-72)
58, flx) = G (1,2}
56. y = (x> + 20(x + 1) {1,6)

[N

In Exercises 57-62, determine the point(s) (if any) at which the

graph of the function has a horizontal tangent line.
57 y=x* —8x> + 2 58, y=x>tx

59.y=-;1§ 60, y=x*+1

61. y:x+sinx, 0<x<2m

62. y = J3x + 2cos x, 0<x<2m

Tn Exercises 6366, find k such that the line is tangent to the
graph of the function.

Line

Function
63. flx) = x* — kx y=4x—-9
6d. flx) =k —x* y=—4x +7
; k 3
. == = —x+
65. flx) . ¥y yE: 3
66. f(x) = k/x y=x+4

&7. Use the graph of f to answer each question. To print
an enlarged copy of the graph, go (O the website
www.mathgraphs.com.

¥

which two consecutive points is the average
greatest?

(2) Between
rate of change of the function

(b) Is the averagerate of change of the function between A
and B greater than or less than the instantaneous rate of
change at B? .

(c) Sketch a tangent line to the graph between C and D
snch that the slope of the tangent line is the same as the
average rate of change of the function between C and D.

68. Sketch the graph of a function f such that f* > 0 for all x
and the raie of change of the function is decreasing.

In Exercises 69 and 70, the relationship between f and g is

given. Give the relationship between f* and g

69, glx) = flx) + 6 70, glx} = —57x)
Tn Exercises 71 and 72, the graphs of a function f and its
derivative f* are shown on the same set of coordinate axes.
Label the graphs as f or f and write a short paragraph
stating the criteria used in making the selection. To print
an enlarged copy of

the graph, go to the website
| www.mathgraphs.cor.

= x2andy = —x% + 6x — 5, and sketch
both graphs. Find equations of

73. Sketch the graphs of y
the two lines that are tangent to
these lines. '

74. Show that the graphs of the two equations y = X and vy = 1/x
have tangent lines that are perpendicular to ach other at their
point of intersection. o )

n Exercises 75 and 76, find an equation of the tangent line to
the graph of the function f through the point (x4 y,) not on the
graph. To find the point of tangency (x,y) on the graph of I
solve the equation ‘ :

@ ==
75, flx) = /% 76. fx =%
(x5 Yo) = (-4 0) (xos Yo) = (5.0)

77. Linear Approximation Use a graphing utility (in square
mode) to zoom in on the graph of fix) = 4 — 3x% to approxi-
mate f'(1). Use the derivative to find f7(1).

78, Linear Approximation Use a graphing udlity (in sguare
mode) to zoom in on the graph of f{x) = 4/x + 1 to approx-
imate f'(4). Use the derivative to find f/(4}.

N 19, Linear Approximation Consider the function fx) = x>

with the solution point (4, 8).

(2) Useagraphing utility to obtain the graph of f. Use the zoom
feature to obtain snccessive magnifications of the graph in
the neighborhood of the point (4, 8). After zooming in a few
times, the graph should appear nearlyllinear. Use the trace
feature to determine the coordinates of a point “near” (4, 8).
Find an equation of the secant tine S(x) through the two
points. '

/2




(b) Find the equation of the line
T(x) = f{4)x — 4) + f(4)

tangent to the graph of f passing through the given point.
“Why ate the linear functions § and T nearly the same?

(¢) Use a graphing utility to graph 7 and 7 on the same set of
coordinate axes. Note that T is a “good” approximation of
J when x is “close to” 4. What happens to the accuracy of
the approximation as you move farther away from the point
of tangency? :

{(d) Demonstrate the conclusion in part (c) by completing the
table. - :

Ax | 3| 2 -1 [ oos [ e o
£+ Ax)

T(4 + Ax) R J

Ar | o1 | os | 1 2 3|
fl4 + Ax).
ﬂ4 + Ax).

0. Linear Approximation Repeat Exercise 79 for the function
J(x) = x* where T(x) is the tine tangent to the graph at the point

(1, 1). Explain why the accuracy of the linear approximation

decreases more rapidly than in Exercise 79.

True or False? In Exercises 81-86, determine whether the
statement fs true or false. If it is false, explain why or give an
exampie that shows it is false,

81. Iff(x) = 2 (), then f(x) = glx). .
82. I f(x) = g(x) + c, then f/(x) = g'(x).

-83. If y = 72, then dy/dx = 2.

84, Iy = x/, then dy/dx = 1/ .

.8.5. If glx) = 37(x), then g’(x) = 37/(x).

86, If f(x) = [/x", then f(x) = 1/(nx?~"),

In Exercises 87-90, find the average rate of change of the func-
tion over the indicated interval, Compare this average rate of
change with the instantaneous rates of change at the endpoints
of the interval, '

Function Interval
87. fn =2t + 7 [1,2]
B8, F=2-3 f2,2.1]
$9. /) = =" [1,2]

- 9. f(x) = sinx

H
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Vertical Motion In Exercises 91 and 92, use the position fune-
tion s{8) = ~1622 + vt + s, for free-falling objects.

91. A silver dollar is dropped from the top of a building that is 1362
feet tall.
(2) Determine the position and velocity functiqns for the coin.
(b) Determine the average velocity on the interval [1, 2].
(¢) Find the instantaneous velocities when ¢ = 1 and = 2.
(d) Find the time required for the coin to reach ground level,
(e) Find the velocity of the coin at impact. B

92. A ball is thrown straight down from the top of a 220-foot build-
ing with an initial velocity of —22 feet per second. What s its
velocity after 3 seconds?. What is its velocity after falling 108
feet?

Vertical Motion In Exercises 93 and 94, use the position func-

tion st} = —4.962 + vyt + s, for free-failing ohjects,

93. A projectile is shot upward from the surface of earth with an
initial velocity of 120 meters per second. What is its velocity
after 5 seconds? After 10 seconds? .

94. To estimate the height of a building, & stone is dropped from the
top of the building thto a pool of water at ground level, How
high is the building if the splash is seen 6.8 seconds after the

. stone is dropped?

Think About It In Exercises 95 and 96, the graph of a pesition
function is shown. It represents the distance in miles that a

person drives during a 10-minute trip to work. Make a sketch

of the corresponding velocity function.

9. . ¢ 9%. _ s
S ol g 50
Z 2 w0}
£ o7 e )
2 4L S ST -t
g 4 " 8 4L i
= L L 8 oy ST
0,024 6 510 S0,002 4 6 810

Time (in minutes) Time (in minutes)
Think About It In Exercises 97 and 98, the graph of a velocity
function is shown, It represents the velocity in miles per hour
during a 10-minute drive to work, Make a sketch of the corre-
sponding position fonction.

97. v 98, v

= . o
" [="

g £

£ 8

Z B

g : g

= 10 _ ‘ 2

R N S cl
246 810

Time {in minutes) Time (in minates)
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Modeling Data  The stopping distance of an automobile
traveling at a speed v (kilometers per hour) is the distance R

" (meters) the car travels during the reaction time of the driver

100.

101,

102.

103.

plus the distance B (meters) the car travels after the brakes
are applied (see figure). The table shows the results of an
experiment.

Stopping
distance

Reaction
fime

Driver applies
brakes

Driver sees
obstacle

(a) Use the regression capabilities of a graphing utility to find
a linear model for reaction time.

(b) Use the regression capabilities of 2 graphing utility to fin
a quadratic model for braking time.

(¢) Determine the pol_ynomial _giving the total stopping._

distance T.

(d) Use a graphing uwiility to graph the functions R, 5, and T
in the same viewing window.

{e) Find the derivative of T and the rate of change of the total
stopping distance for v = 40, v = 80, and v = 100.

(f) Use the results of this exercise to draw conclusions about
the total stopping distance as speed increases.

Velocity . Verify that the average velocity over the time
interval [t — &ttt Af] is the same as the instantaneous
velocity at t = f, for the position function

s = —Lar? 4+ c.

Area The area of a square with sides of length s is given by
A = s2. Find the rate of change of the area with respect to §
when s = 4 meters.

Volume The volume of a cube with sides of length s is given
by V = °. Find the rate of change of the volume with respect
to s when s = 4 centimeters.

Inventory Management The annual inventory cost C for a
certain manufacturer is

oo LO0BO00 o

where ( is the order size when the inventory is replenished.
Find the change in annual cost when @ is increased from 350
to 351, and compare this with the instantaneous rate of change
when @ = 330.

104.

105.

106.

107,

108.

109.

110.

111.

112.

113.

Fuel Cost A car is driven 15,000 miles a year and gets x
miles per gailon. Assume that the average fuel cost is $1.25
per gallon. Find the annual cost of fuel C as a function of x
and use this function to complete the table.

EERNEN

dx .

Who would benefit more from a 1-mile-per-gallon increase in
fuel efficiency—the driver of a car that gets 15 miles per gallon
or the driver of a car that gets 35 miles per gallon? Explain.
Writing The number of gallons N of regular unleaded gaso-
line sold by a gasoline station ata price of p dollars per gatlon
is given by N = f(p).

(a) Describe the meaning of £(1.479).

(b) Ts #/(1.479) usually positive or negative? Explain.
Newion’s Law of Cooling This law states that the rate of
change of the temperature of an object is proportional to the
difference between the object’s femperature 7' and the
temperature T, of the surrounding medium. Write an equation
for this law. :

Find an equation of the parabolay = ax® + bx + ¢ that passes

 through (0, 1} and is tangent to the liney = x — lat (L, .

Let (a, b) be an arbitrary point on the graph of y = 1/,
x> 0. Prove that the area of the triangle formed by the tan-
gent line through (2, b) and the coordinate axes is 2.
Find the tangent line(s) to the cuxve y = 3 — 9x through the
poiat (1, —9).
Find the equation{s} of the tangent line(s) to the parabola
y = x* through the given point.
(a) (0,a) (b) (a.0)
Are here any restrictions on the constant a?l
Find a and b such that

ax?, x<2
fx) = {

2+bh x>2

is differentiable everywhere.

Where are the fonctions flx) =
differentiable?

lsin x| and fy(x) = sin x| -

Prove that % [cos x] = —sinx.

FOR FURTHER INFORMATION For a geometric interpretation of

the derivatives of trigonometric functions, see the article “Sines
and Cosines of the Times” by Victor J. Katz in Math Horizons.
To view this article, go to the website www.matharticles.com.
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EXERCISES FOR SECTION 2.3

Tn Exercises 1-6, use the Product Rule to differentiate the

function. , - 27. fix) = x(l T i 3) 28. f) = x4(1 T -2F 1)

:_L g(x) = (x2 + 1)(x2 - ZJC) /\2% JC) (6)6 + 5)(13 - 2) 39, f JC) - 2x + 5 30, f(x) — \3/;(‘/; + 3)
3. A = Y2 + 4 £ g(s) = V34 — ) ;ﬁf i )
5' {(x) Y cos o) = Sasinx 31 Als) = (- 2) 32 A =02 1)
. 1
1 . 2 - =
In Exercises 7-12, use¢ the Quotient Rule to differentiate the 3. f(x) = x 34, g(x) = xz(g 1 )
function. : x—3 x xt+l
C_ : ) 5 35. flx) = (3 + 40)(x — 5)x+ 1)
£E2
Fx) 8. glt) = 5 -7 36. flx) = (x2 — 02+ D +x+ 1)
2 + 02 .
h(x) 3 19. 1s) = 5 37, flx) = G © is a constant
+ 1 ' s~ 1 . i’ 5
- x . =
61 o) = smx . 12. 76 = St . 8. fl= 72 ©8° constant L
In Exercises 13-18, find () and Fie). In E).(ermses 39-54, find the derivative of the trigonometric
. function.
Function ) _ Valueofc 20, £(6) = (6 1) cos 0

13. flx) = (& — 3x)(2x? + 3x + 55 ¢=0 4. 1) = sinx

14 fx) =2 -t D2~ 1D =1 x
18. f(x)— 2—4- : _ -1 43, flx) = —x T tanx 44, y=x+100tx
45, glf) = A1+ Bsect _ 46, kis) = . 10 csc s
c=12 30 ) p
@y _ 30 —sinx 48. y = sec X
17, flx) = xcosx c=—TE Zeosx *
’ 4 49, y = —cscx — sinx 50, y = xsinx + cos ¥
18. f(x) = sinx c= % 31. f(x) .= x%tan x 52. f(x) = sin ¥ cos X
X 53. y=2xsinx+x’~cosx 54, h(g) = S@sec t + ¢ tan 8

.In Excrcises 19-24, complete the table without using the In Exercises 55-58, use a computer algebra system to differen-

Quotient Rule (see Example 6). tiate the function.
Function - Rewrite Differentiate Simplify '
At - RetE EEEETOT 5. g0 = (S ) 9
X2+ 2x SRR ER
19 y="%3" TR R Pmx—3\
52— 3 o | 56-f(_x)—( e )(x +x+ 1)
20.)y="73 L . o sin 0
57, g(6) = T B 58. f(6) = T cos 8

7 f ) ] —sin@ 1—cosf

E@ In Exercises 3962, evaluate the derivative of the function at the

22, y= 30 e - P AR indicated point. Use a graphing utlhty to verify your result.
2. y = 4532 SR Ll LT Function ) Point
1+ cscx T
2 . o . _ Ly = —— T _q
24.y:3x7 5 R PR R 59 y 1 — cscx (61 )
60. f{x) = tanx cotx 1,1
In Exercises 25-38, find the derivative of the algebraic function. ° 61, k() = sect (’TT. — l)
i T

X+ 2
26. f(0) = 2 —1 62. f(x) = sin x(sin x + cos x) (g, 1)




. 73 flx) = x"sinx 74, flx) =

SECTION 2.3

"Iii Exercises 63-68, (a) find an equation of the tangent line to
the graph of f at the indicated point, (b) use a graphing utility
to graph the function and its tangent line at the point, and (c)
use the derivative feature of a graphing utility to confirm your
results. ;

Function Point
63 flx) = (& —3x + 1)ix +2) (1,-3)
64. flx) = (x — D(x2 - 2} (0,2)

X

@(x) -k @22

x—1

so-i k)

_ (x) = tanx (g, 1') . .

68."7(x) = sccx (;—T 2) '
In Exercises 69 and 70, determine the poini(s} at which the

graph of the function has a horizontal tangent.

2 2
09, 1) = 725 : 70 =

' In Exercises 71 and 72, verify that f(x) = g'(x), and explain the

relationship between f and g.

3x 5x +4

N f&) =17 &b =""7
sin x — 3x sinx + 2x
7 fl) = BEZE g Sxt 2

In Exercises 73 and 74, find the derivative of the function f for
n = 1,2, 3, and 4. Use the result to write a general rule for f(x)
in terms of n.

_ COSX

xﬁ.

75. Area The length of a rectangle is given by 2¢ -+ 1 and its

height is /7, where ¢ is time in seconds and the dimensions are
in centimeters. Find the rate of change of the area with respect
to time.

76. Volume The radius of a right circular cylinder is given by
V£ + 2 and its height is 3/¢, where ¢ is time in seconds and
the dimensions are in inches. Find the rate of change of the
volume with respect to time. - '

71, Inventory Replenishment The ordering and fransportation
cost € for the components used in manufacturing a certain
product is

. 200 x
C= — + = > 1
100( o x+ 30)’ *

where C is measured in thousands of dollars and x is the order
size in hundreds. Find the rate of change of C with respect to x
when (a) x = 10, (b) x = 15, and (c) x = 20. What do these
rates of change imply about increasing order size?
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78. Boyle’s Law This law states that if the temperature of a gas
remains constant, its pressure is inversely proportional to its vol-
ume. Use the derivative to show that the rate of change of the
pressure is inversely proportional to the square of the volume.

79. Population Growth A population of 500 bacteria is introduced

into a culture and grows in pumber according to the equation
4t
P(z) = 1+ ——=
0 = soof1 + 557 5)

where ¢ is measured in hours. Find the rage at which the popu-
lation is growing when ¢ = 2.

80. Rate of Change Determine whether there exist any values of
x in the interval [0, 2#7) such that the rate of change of
F(x) = sec x and the rate of change of g(x) = csc x are equal.

§1. Prove the following differentiation rules. %&

.

(2) %[sec x] = secxtanx
') i[csc x] = —cscxcotx
dx

(©) d%[cot x] = —csc?x

E% 82. Modeling Data  The table shows the number of motor homes »

(in thousands) in the United States and the retail value v (in mil-
lions of dollars) of these motor homes for the years 1992 through
1997. The year is represented hy ¢, with ¢ = 2 corresponding to
1992. (Source: Recreation Vehicle Industry Associntion)

Year | 1992 | 1993 | 1994 | 1995 | 1996 | 1997
n 0| 2263 | 2438 | 3067 | 2810 | 2746 | 2393
v | $6063 | $7544 | $9897 | $9768 | 39788 | $9139

(a) Use a graphing utility to find quadratic models for the
number of motor homes z(z) and the total retail value v(f)
of the motor homes.

(b) Find A = v(£)/n(z). What does this function represent?

(c) Find A“(?). Interpret the derivative in the context of these
data.

In Exercises 83—88, find the second derivative of the function.

83. flx) = 422 84, flx)y =x+ 32272

x x4+ 2x—1

85. fl) = 5 86. f(x) = -

87. flx) = 3sinx 88. f(x) = secx

In Exercises 89-92, find the higher-order derivative.

Given . Find
89. f1x) = x2 Fx)
90. f(x) =2 — % ()
9L, F(x) = 2/% FO(x)
92, f@(x) = 2x + 1 FO)
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03, Sketch the graph of a differentiable function f such that
f@2y=0, f <0 for oo <x<?2 and />0 for
2 < x < oo

94, Sketch the graph of a differentiable function f such that
f> Oandf’ < 0 foral real humbers x.

In Exercises 95-98, find f'(2) given the following.
g@) =3
R(2)=-1 and

95. f(x) = 2g(2) + h()

97. f(x) = i—g—)

and g'(2)=-2
h2) =4
96, f(x) = 4 — h(x)

e

98. f(x) = glx)h(x)

In Exercises 99 and 100, the graphs of f, 7-and f”are shown
on the same set of coordinate axes. Which is which? To
print an enlarged copy of the graph, go to the website
www.nathgraphs.cont.

9. ¥ ) 100. ¥

VYA
t } éx

-

101. Acceleration The velocity of an object in meters per second is
W) =36—-1% 0=126.

Find the velocity and acceleration of the object when r = 3.
What can be said about the speed of the object when the
velocity and acceleration have opposite signs?

102. Stopping Distance A car is traveling at & rate of 66 feet per
second (45 miles per hour) when the brakes are applied. The
position function for the car is

s(f) = —8.25:% + 66¢

where s is measured in feet and ¢ is measured in seconds. Use
this function to complete the table, and find the average
velocity during each time interval.

F ol 11203 14]
()
"y

Kl

107, f(x) = cosx

- 103. Acceleration An automobile’s velocity starting from rest is

100¢
U PT:

where v is measured in feet per second. Find the acceleration
at each of the following times.

() 10seconds (c) 20 seconds

(a) 5 seconds

104, Finding a Pattern Develop a general rule for n(x) if

@ f) = wmd © S =

105. Finding a Pattern Consider the function fx) = gx)h(x).

{a) Use the product rule to generate rules for finding £(x),
£(x), and f#(x).

(b) Use the results in part {a) to writc a general rule for f(x}.

106. Finding a Pattern Dewelop{3 a general rule for [xf (x) ]

where f is a differentiable fuwon of x.

E@ Linear and Quadratic Approximations The linear and quadratic
approximations of a function f at x = a are

P(x) = fla)x — a) + fla) and
Py(x) = La)x — a + fla)x — a) + fla).

In Exercises 107 and 108, (a) find the specified linear and
quadratic approximations of f, (b) use a graphing utility to
graph f and the approximations, (c) determine whether P, or P,
is the better approximation, and (d) state how the accuracy
changes as you move farther fromx =a.

108, flx) = sinx
il
2

a=7 a
3

True or False? In Exercises 109-114, determine whether the
statement is true or false. If it is false, explain why or give an

example that shows it is false.

109. If y = f(x)g(x), then dy/dx = f’(x)g’(i).

110. Ity = (& + Dix + 2)x + 3 + 4), then dy/dx® = 0.

111. If f(c) and g (c) are zero and hix) = f(x)g(x), then h7(c) = 0.

112. I f(x) is an nth-degree polynomial, then f (et Dy) = 0.+

113. The second derivative represents the rate of change of the first
derivative.

114. If the velocity of an object is constant, then its acceleration is
Zero.

115. Find the derivative of f(x)‘= x|x|. Does f7(0) exist?

116. Think About It Let f and g be functions whose first and
second derivatives exist on an interval I. Which of the follow-

ing formulas is (are} orue?
@ f2" =~ 8
o) fe"+ fg = (fa)"
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; summary of Differentiation Rules

'Gérieral Differentiation Rules

Ty

Constant Multiple Rule:

el = o

Product Rule:

SECTION 2.4 .. The Chain Rule. 133

We conclude this section with a summary of the differentiation rules studied so
far. To become skilled at differentiation, you should memorize each rule.

Let f. g, and u be differentiable functions of x.

Sum or Difference Rule:

ey

Quotient Rule:

: ng‘ivatives ‘of Algebraic
“Functions

" Derivatives of
Trigonometric Functions

'sz;iin Rule

%[fg] =fo' + &f'

. Constant Rule:

S
el =0

%[Sin X] =cosx
4
dx
Chain Rule:

d . /| I
RUCIREOY

[cos x] = —sin x

dx| g

(Simple) Power Rule:

41f] et

'@

d n| — -1 i = .
'E[X.]wnx’f , dx[ﬂ_l_

d
a’[tan x] = secx
. %{cotx] = —cscx

General Power Rule:

4
dx

[u”] - g

d
E[Sec x] = sec xtan x

i[csc x] = —cscxcotx
dx

STUDY TIP As an aid to memorization, note that the cofunctions (cosine, cotan-
gent, and cosecant} require a negative sign as part of their derivatives.

EXERCISES FOR SECTION 2.4

_q In Exercises 1-6, complete the table using Example 2 as a model.

y = flelx)) u=glx)  y=f
L y={6x— 5"
2. y= !
NEE
y=Jk-1 8!
4. y = 3 tan(mx?) :
5. y=csc?x
3x
6. y= cos'?

In Exercises 7-34, find the derivative of the function.

Toy=02x—-73

9. g(x) = 3(4 — 94
AL flx) = (9 — x93
1B f=V1-1

8. y=(2x° + 1)
10. y = 3(4 — x?3
12, £ = (9r + 223
14. gix) = /5 - 3x

15. y= %% + 4

16, glx) = Vx2 —2x + 1

1. y=24F= % 18, () = 347 O
1 B 1 -
1B.y="=3 20500 = 5y 5T
1 32 5
2L f(H = (m) 2. y= _(t T 3P

. 1 _ 1
Brm M80= s
25. f(x) = #%x — 2)* 26. f(x) = x(3x — 9
27, y=x/1—x* 28. y = 52?16 — &7

X X
29, y = — Ly = —
Y Vx2 ] 30y Jat+ 4
_ (X +5 2 _ 12 2
31 g(x) = (x2 " 2) 32 40 = ({3 ~ 2)
_ (L= _ (3x2 =23
33'f(v)_(l+v) 34. g(x)_(2x+3)

I
\%
i
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In Exercises 35-44, use a computer algebra system to find the E@

derivative of the function. Then use the utility to graph the
function and its derivative on the same get of coordinate axes.

In Exercises 67-74, evaluate the derivative of the function at the
indicated point. Use a graphing utility to verify your result.

I Describe the behavior of the function that corresponds to any Function Point
| zeros of the graph of the derivative. 67, s() = JEE A 2+ g (2,4)
68. y = ¥/3x" + 4 (2,2)

Jirl >
FyT At R T

37, glo) = _;% 38, f() = V(2 —

39.y=,,|fx+1 : 40. y = (1~ 9+ 2

.69. fx) = F—?’_—Z

1
70. flx) = m
3+ 2

e
4

x
T ) = {0, -2)
— - T t—1
41. s(t’)=——g(£r;)——1_—E 42. glx)=vx-1+ x+1 Pt
. 72, Flx) = (2,3).
43 :cosn-rx+1 M.y = Ztanl 2x—3
Y x R x 730y =737 - sec3(2x) (0, 36)

In Exercises 45 and 46, find the slope of the tangent line to the
sine function at the origin. Compare this value with the number
of complete cycles in the interval [0, 277]. What can you conclude
about the slope of the sine function sin ax at the origin? '

74.y:%+ cosx'

In Exercises 75-78, (a) find an equal
the graph of f at the indicated point,
to graph the function and its tangen

52

tion of the tangent line to
(b) use a graphing utility
t line at the point, and (c}

45, (a) 7 by Y
) . ®) use the derivative feature of a graphing utility to confirm your
results. '
Function Point
75, f(x) = /3x* — 2 (3, 5)
76. f(x) = 3e/x2 + 3 2.2
71. f(x) = sin 2x (m, 0)
46. (a)

In Exercises 47-66, find the derivative of the fanction.

78. fx) = tan®x

(&)

In Exercises 79-82, find the second derivative of the function.

9. flx) =262 - 1)?

81. f(x) = sinx?

80. f(x) =

x—2

82, f{x) = sec’mx

|“‘: 47. y = cos 3x 48, y = sinmx &
!; I ﬁ.i 49. g(x) = 3 tan 4x 50, h{x) = secx? In Exercises 83-86, the graphs of a function f and its deriv-
B { 51 y = sin( o) 52 y = cos(l - 25 ative f’ are shown. La'bel the gri}ph.s as f ur.f " and ‘write a
i Il . . B 1 ) (l short paragraph stating the criteria used in making the
| 53, hix) = sin 2v.cos 2% 54. g(6) = sec(3 ) tan 1) selection, To print an enlarged copy of the graph, go to the
rlicsduh 55, f(x) =. Cf)tx 56. ¢v) = cos v website www.mathgraphs.coi.
| sin x cse v % , - y
i ‘J\h 57. y = 4sec’x 58, y = 2tan®x ) ) .
iy 50, F(6) = § sin>26 60. gr) = 5 cos mt 3
% 61, f(r) = 3 sec?(mt — 1) 62. w5 = 2 cot?(mt + 2)
X
_‘1 63. y = S+ 4 sin(2x)? 64, y=3x—5 cos(mx)? 1234
|' h ‘ 65. y = sin{cos x) 66. y = sin¥x + ¥sinx \
I ne
ik
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In Exerciscs 87 and 88, the relationship between f and g is
given. State the relationship between f” and g’.

87. g(x) = f(3x) 88, glx) = f(x?)

89. Given that g(5) = -3, g’5) =6, h(S)= 3, and
h(5) = —2, find f(5) (if possible) for each of the follow-
ing. If it is not possible, state what additional information
is required.

@ F0) = gl
_ gl
(c) f(x) = h(x)

s

h(x) (b) fx) = glhlx))
@ flx) = [gx)]°

s

90, (a) Find the derivative of the function g(x) = sin?x + cos?x
in two ways. '

(b} For f(x) = sec? x and g(x) = tan? x, show that f(x) = g(x).
91. Doppler Effect The frequency F of a fire truck siren heard by
astationary observer is

_ 132,400
331w

where v represents the velocity of the accelerating fire truck
in meters per second (see figure). Find the rate of change of F
with respéct to v when

(a) the fire truck is approaching at a velocity of 30 meters per
second (use —v).

(b) the fire truck is moving away at a vélocity of 30 meters per
second (use +v).

_ 132,400 F= 132,400

| 3B+ S T T

92. Harmonic Motion The displacement from equilibrium of an
object in harmonic motion on the end of & spring is

y= %cos 12¢ — isin 12¢

where vy is measured in feet and fis the time in seconds.
Determine the position and velocity of the object when ¢ = ar/8.

SECTION 2.4

93, Pendulum A 15-centimeter pendulum moves according to
the equation

8 = 0.2 cos 8¢

where # is the angular displacement from the vertical in radians
and ¢ is the time in seconds. Determine the maximum angular
displacement and the rate of change of 8 when ¢ = 3 seconds.

94, Wave Motion A buoy oscillates in simple harmo/nfé motion
¥ = Acos wf 4

as waves move past it. The buoy moves a total of 3.5 feet
(vertically) from its low point to its high point. It returns to its
high point every 10 seconds.

(a) Write an equation describing the motion of the buoy if it is
at its high point at t = 0.
(b) Determine the velocity of the buoy as a function of ¢,

95. Circulatory System The speed S of blood that is r centimeters
from the center of an artery is :

§=C® -y

where C is a constant, R is the radius of the artery, and § is mea-
sured in centimeters per second. Suppose a drug is administered
and the artery begins to dilate at a rate of dR/dt. At a constant
distance r, find the rate at which S changes with respect to ¢ for
C=176x10% R =12x 1072 and dR/dr = 1077,

96. Modeling Dafa The normal daily maximum temperature
T (in degrees Fahrenheit) for Denver, Colorado, is shown in
the table. (Source: National Oceanic and Atmospheric
Administration)

Month Jan | Feb | Mar | Apr | May | Jun
Temperature | 43.2 | 46.6 | 52.2 | 61.8 | 70.8 | 814

Moenth Jul | Aug | Sep | Oct | Nov | Dec

Temperature | 88.2 | 85.8 | 769 | 66.3 | 525 | 445

() Use a graphing utility to plot the data and find a model for
the data of the form

T(t) = a + bsin{mt/6 — c)
where T is the temperature and ¢ is the time in months, with

t = 1 corresponding to January.

(b) Use a graphing utility to graph the model. How well does
the model fit the data?

(c) Find T’ and use a graphing utility to graph the derivative.
(d) Based on the graph of the derivative, during what times
does the temperature change most rapidly? Most slowly?

Do your answers agree with your observations of the
temperature changes? Explain.

The Chain Rule 135.
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98.

99.

B o

“whmiber of units produced at the enid of ¢ hours during an

o e e [

100.

101.

CHAPTER 2 Differentiation

Modeling Data The cost of producing x units of a product is
¢ = 60x + 1350. For one week management determined the

g-nour shift. The average values of x for the week are shown

in the table.
| o | AEAKAEAEN

(a) Use a graphing utility to fit a cubic model to the data.
(b) Use the Chain Rule to find dC/dt.

{¢) Explain why the cost fopction is not-increasing at a con-
stant rate during the 8-hour shift.

Think About It The table shows some values of the Qeriva-

tive of an unknown function f. Complete the table by finding
(if possible) the derivative of each iransformation of f.

(b) h(x) = 2/ ()
@ st =flx +2)

(a) glx) = flx) — 2
(c) rix) = f(=3x)

Finding a Pattern Consider the function fix) = sin ¥,

where § is a constant. :

(a) Find the first-, second-, third-, and fourth-order derivatives
of the function.

(b} Verify that the function and its second derivaiive satisfy
the equation f”(x) + Bifix) =0

{c) Use the results in part {a) to write general rules for the
even- and odd-order derivatives
f@R(x) and f (2= 1{x}.

[Hint: (—1)* is positive if k is even and negative if k is odd.]

Conjecture  Letfbea differentiable function of period p.

(a) Is the function f’ periodic? Verily your answer.

{b) Consider the function glx} = f(2x). Is the function g'{x)
periodic? Verify your answer.

Think About It Let (x) = fg(x)) and s(x) = g(f{x)) where
f and g are shown in the figure. Find (a) #4{(1) and (b) s'(4).

{6.6)
(6,5)

@ Linear and Quadratic Approximations

102. Show that the derivative of an odd function is even. That is, if
fl=x) = —#(x), then f/(—x) = f7 ).

103. The geomelric mean of xand x +nisg= Jx(x + n), and
fhe arithmetic mean is a = [x + (x + n)]/2. Show that

dg _¢a

g

104. Let ube a differentiable funciion of x. Use the fact that
ul = Ju? to prove that :

A= g
Sl =w' g # # 0.

In Exercises 105-108, use the result of Exexcise 104 to find the
derivative of the function.

105. glx) = [2x — 3]
106. f(x) = [x* — 4]
107. hx) = x| cosx
108. fix) = lsinx]

The linear and quad-
ratic approximations of a function f at x = a are

Px)=f fa)x — @) + fla) and
P ) = L@ - o + f@)x — a) + @

In Exercises 109 and 110, (a) find the specified linear and
quadratic approximations of f, (b) use a graphing utility to
graph f and the approximations, (c) determine whether P, or
P, is the better approximation, and (d) state how the accuracy
changes as you move farther from x = 4. '

X

109. f(x} = tan . 110. f(x) = sec2x

T

a=1 aig

True or False? Tn Exercises 111-114, determine whether the
statement is true or false. ¥ it is false, explain why or give an
example that shows it is false.

HL Iy = (1 — Q¥ theny’ =300 =077
112, 1 f(x} = sin?(2x), then Fx) = 2(sin 2x)(cos 2x).
113, ifyisa differentiable fonction of #, is a differentiable func-

tion of v, and vis a differentiable function of x, then

dy _dydudy
dr dudvdx’

114. You would first apply the General Power Rule to find the
derivative of y = x sin® x.
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EXERCISES FOR SECTION 2.5
In Exercises 1-16, find dy/dx by implicit differentiation. _31- Bifolium: 32. Folium of Descartes:
_ 2L LI = 4x? NI =
[ 1) a2 + y2 =36 2. 2 —y? =16 (x.+y) axry x.+y486xy 0
&S A4 2 =9 4P+ =8 Point: (1, 1} , Point: (£,5)
( Boxy+yr=4 6. xiy +y = -2 : T ' y
(e —y=x 8 Voy=x-—2 2
003 — 3x2y + 2yt = 12 10. 2sinxcosy = 1 s 14
{/h sinx + 2cos2y =1 12. (sin mx + cos wy)? = 2 LN ;L
[ T 1 *
fﬁi}j sin x = x(1 + tan y) 14, coty=x—¥ -2 -1 R - x
. ‘1 =~
. 1 4
@ y = sin(xy) 16. x = sec y _ . i

Fl

In Exercises 17-20, (2) find two explicit functions by solving the _
equation for y in terms of x, (b} sketch the graph of the equation In Exercises 33 and 34, find dy {dx implicitly and find the largest

and label the parts given by the corresponding explicit interval of the form —a < y < a such that yisa differentiable
functions, (¢} differentiate the explicit functions, and (@) find function of x. Then express dy/dx as a tunction of x.

dyfdx implicitly and show that the result is equivalent to that of :

part (). ) . 33 tany = x '34. cosy =X

17. X2 +y2=16 18, 32+ y2 —dx+ 6y +9=0 In Exercises 35-40, find d2p/dx? in terms of x and y.

19, 0x2 2 =14 , 9y — x2 = ’
19, 0x2 + 16y = 144 20, 9y? —x2 =9 ) X2+ y? = 36 @xzyz_zx=3
. x2 —y2 =16 l—xy=x—%

tn Exercises 21-28, find dy/dx by }mplicit differentiation and A
evaluate the derivative at the indicated point. @ y2 =53 (]j y2 = 4x
Equation Point ‘ In Exercises 41 and 42, use a graphing utility to graph the equa-
xy =4 (~4,-1) tion. Find an equation of the tangent line to the graph at the 1
22. x2 —y*=10 ' {1, 1) indicated point and sketch its graph. _ .
) :
R . : ~1 5
73\3’ 74 (2.0 41 Ji+ Sy =4 91 2y =5 (2, %)
4.) (x+ 33 = 2+ (-1, ' N ,
25, x¥3py¥i =35 (8, 1) *E‘é In Exercises 43 and 44, find equations for the tangent line and
%., By =day 1 (2,1) normal line to the circle at the indicated points. (The normal
57, tan(x +3) = 0,0) line at a point is perpendicular to the tangent line at the point.)
- tanlx T y) =4 i Use a graphing utility to graph the eguation, tangent line, and
@%\ xcosy =1 (2, g ) normal line.
\/J. . @2+y2=25 =/4,\I2+y2:9
—
In Exercises 29-32, find the slope of the tangent line to the {4,3), (3,4 0, 3), (2, V3 )

graph at ihe indicated point. i
45. Show that the normal line at any point. on the circle

29. Witch of A i: 30. Cissoid:
ltch ot Agnest 15501 x2 + y? = r? passes through the origin.
(x2+4)y=8 (4 -xpy:=x , . :
. . 46. Two circles of radius 4 are tangent to the graph of y> = 4x at
Point: (2, 1) Point: (2,2) the point (1, 2). Find equations of these two circles.
¥ ] ‘

In Exercises 47 and 48, find the points at which the graph of the
equation has a vertical or horizontal tangent line.

2552 + 16y* + 200k — 160y + 400 =0
(l—ls/.\ﬁx2+y2f8x+4y+430
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Orthogonal Trajectories In Exercises 49-52, use 2 graphing £} 61. Consider the equation x* = 4(4x2 — y2),
utility to sketch the intersecting graphs of the equations and
ghow that they are orthogonal, [Two graphs are orthogonal if at
their point(s) of intersection their tangent lmes are perpendicu-
lar to each other.] (c) Find the exact coordinates of the point of intersection of the

two tangent lines in the first quadrant.

(a) Use a graphing utility to graph the equation.
(b) Find and graph the four tangent lines to the curve for y = 3.

2 2 — . 2 .3
49, 2Py 50. y? = x 6

B

Orthogonal Trajectories The figure below gives the topo-

y? = 4dx 227+ 3y? =5 graphic map carried by a group of hikers. The hikers are in a
51 x+y=0 S8, 8 =3(y—-1) wooded area on top of the hill shown on the map and they
x=siny A3y —29) =3 decide to follow a path of steepest descent (orthogonal trajec-

tories to the contours on the map). Draw their routes if they
In Exercises 53 and 54, verify that the start from point A and if they start from point B If thc}r goall is

to reach the road along the top of the map, which starting point
should they use? To print an enlarged copy of the graph, go to
the website www.mathgraphs.com.

Orthogonal Trajectories
two families of curves are orthogonal where ¢ and X are real
numbers. Use a graphing utility to graph the two famlhes for
two values of C and two values of K. s

¢

53 xy=C 54, x? 4+ y2 = C?
2—yl=K v=Kx

In Exercises 53-58, differentiate (a) with respect to x (y is a func-
tion of x) and (b) with respect to ¢ (x and y are functions of #). .

55. 2y2 —3x* =0 56. x2 — Jay? + y3 = 10
57. coswy — 3sinwx =1 58. 4sinxcosy =1

63. Prove (Theorem 2.3) that

59, Describe the difference between the explicit form of a func-

d z
g _[JC”] = px" 1
tion and an implicit equation. Give an example of gach,

dx
60. In your own words, state the guidelines for implicit differ-

for the case in which s is a rational number. {(Hins: Write
entiation.

y = x4 in the form y¥ = x* and differentiate implicitly.
Assume that p and g are integers, where ¢ > 0.)

64. Let L be any tangent line to the curve /¥ + +/y = /c. Show
that the sum of the x- and y-intercepts of L is ¢.

§ sucTron PR OJECT

n each graph below, an- optlca] illusion is created. by havmg © Lmes ax = by . N (d) Cosine_cur\iés:y = C’cosx :

Tines:intersect a family of curves. In each case, the lines appear iy = f y L Do 1 2
“t0 be curved. Find the value of dy/dx for.the indicated values S R ¥=oyE =3
: a= \/_ b =1 , _ 3 3 3
ofxandy : : o T o
(a) CerIeS x2 + yz =2 b) Hyperbolas xy=C. o . Ty Ty
a5 Cx=3,y= A},C_—S ) x—l,y—4,_C._4 ) i e |
S G (R S\

" 'FOR FURTHER INFORMATION For more mformanon on the . - 1
' _mathematlcs of. optical illusions, see the article * Descnptlve '
Models for Perception of Optical Tlusions™ by David A. Sraith
in The UMAF Journal. 'To view. ‘this artlcle, go to the website ‘
Www.matharficles. com; [ . e ;




EXERCISES FOR SECTION 2.6

| In Exercises 1-4, assume that x and y are both differentiable
functlons of ¢ and find the required values of dy/dt and dx/dt.

Eqmtzon

‘l.y=\/)_~’

Find Given
(a) %when}c:4 %=3
(b) %Whenx =25 % =2
= 2(x? — 3x) (a) % whenx = 3 %
| ) % When)g =. 1 % =
(a) %whﬂnx =38 % =10
(b} %whenx = % = -6
=25 (a)%whenx:3,y=4 % 8
(b) %whenx =4,y=3 % -2

6

Function Values of x
S y=x*+1 @x=—-1 Mx=0 x=1
. .
‘_"y_1+x2 (a)x=-2 Mx=0 ()x=2
. T T
T y=tanx (a)x:-—g (b)x=le(c)x=0
8. ¥ = sinx (a)x=36I (b)x:jf (c)x:w

In Exercises 5--8, a point is moving along the graph of the func-
- tion such that dx/dt is 2 centimeters per second. Find dy/dr for
the specified values of x.

3

| x
3 4

In Exercises 9 and 10, using the graph of f, (a) determine
whether dy/dt is positive or negative given that dx/dt is
negative, and (b) determine whether dx/df is positive or
negative given that dy/dt is positive.

10, ¥

—— -
—3-2-1 11723

11. Consider the linear function y = ax + b. If x changes at a
constant rate, does y change at a constant rate? If so, does it
‘change at the same rate as x7 Explain.

e

12. In yoﬁr own words, state the guidelines for solving related rate
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problems.

13. Find the rate of change of the distance between the origin

and a moving point on the graph of y = x2 + 1 if dx/dr = 2
centimeters per second.

14, Find the rate of change of the distance between the origin

and a moving point on the graph of y = sinx if dx/dr =2
centimeters per second.

=2 drea The radius r of a circle is increasing at a rate of 3 cen-
imeters per minute. Find the rate of change of the area when

{a) r = 6 centimeters and (b) » = 24 centimeters.

5
rea Let A be the area of a circle of radius r that is changing

with respect to time. If dr/d: is constant, is dA/dr constant?
Explain.

17. Area The included angle of the two sides of constant equal

JEN

19,

20.

length s of an isosceles triangle is 8.
(a) Show that the arca of the trlangle isgivenby A = 5.9 sm 8

{(b) If &is increasing at the rate of 3 7 radian per minute, find the
rate of change of the area when 6 = 7/6 and 6 = 7/3.

{c) Explain why the rate of change of the area of the trian gle is
not constant even though d8/dr is constant.
olume The radius r of a sphere is increasing at a rate of 2
ifiches per minute.

(a) Find the rate of change of the volume when r = 6 inches
and » = 24 inches.

(b) Explain why the rate of change of the volume of the sphere
is not constant even though dr/dt is constant.
vlume A spherical balloon is inflated with gas at the rate of
D0 cubic centimeters per minute. How fast is the radius of the
balloon increasing at the instant the radius is {a) 30 centimeters
and (b) 60 centimeters?

Volume All edges of a cube are expanding at a rate of 3 cen-

timeters per second. How fast is the volume changing when

21.

22,

23,
L=

24.

each edge is (a) 1 centimeter and (b) 10 centimeters?

Surface Area  The conditions are the same as in Exercise 20.
Determine how fast the surface areq is changing when each
edge is (a) 1 centimeter and (b) 10 centimeters.

Volume The formula for the volume of a cone is V = 37rr2h
Find the rate of change of the volume if dr/dt is 2 inches
per minute and # = 3r when (a) » = 6 inches and (b} r = 24
inches.

Volume At a sand and gravel plant, sand is falling off a con-
veyor and onto a conical pile at a rate of 10 cubic feet per
minute. The diameter-of the base of the cone is approximately
three times the altitude. At what rate is the height of the pile
changing when the pile is 15 feet high?

epth A conical tank (with vertex down) is 10 feet across the
p and 12 feet deep. If water is flowing into the tank at a rate
of 10 cubic feet per minute, find the rate of change of the depth
of the water when the water is § feet deep.
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25. Depth A swimming pool is 12 meters long, 6 meters wide,
[ meter deep at the shallow end, and 3 meters deep at the deep
end (see figure). Water Is being pumped into the pool at }1 cubic
meter per minute, and there is 1 meter of water at the deep end.
{a) What percent of the pool is filled? - '

(b) At what rate is the water level rising?

. Figure for 26 .

Figare for 25

26. Depth A trough is 12 feet long and 3 feet across the top (see
figure). Its ends are isosceles triangles with altitudes of 3 feet.

(2) If water is being pumped into the trough at 2 cubic feet per
minute, how fast is the water level rising when it is 1 foot
deep?

(b) If the water is rising at a rate of % inch per minute when
# = 2, determine the rate at which water is being pumped
into the trough.

27. Moving Ladder A ladder 25 feet long is leaning against the
wall of a house (see figure). The base of the ladder is pulled
away from the wall at a rate of 2 feet per second.

(2) How fast is the top moving down the wall when the base of
the ladder is 7 feet, 15 feet, and 24 feet from the wall?

{b) Consider the iriangle formed by the side of the house, the
ladder, and the ground. Find the rate at which the area of

i the triangle is changing when the base of the ladder is 7 feet

- from the wall.

{¢) Find the rate at which the angle between the ladder and the
«wall of the house is changing when the base of the ladder is
- 7 feet from the wall.

Figure for 27 Figure for 28

FOR FURTHER INFORMATION TFor more information on the

I mathematics of moving laddets, see the article “The Falling

Ladder Paradox” by Paul Scholten and Andrew Simoson in
The College Mathematics Journal. To view this article, go 10
| he website www.matharticles.com.

Konsiruction A construction worker pulls a 5-meter plank up
‘ & side of a building under construction by means of a rope

I Tizd to one end of the plank (see figure). Assume the opposite

end of the plank follows a path perpendicular to the wall of the

building and*the worker pulls the rope at a rale of 0.15 meter
per second. How fast is the end of the plank sliding along the
ground when it is 2.5 meters from the wall of the building?

29. Constructivn A winch at the top of a 12-meter building pulls
a pipe of the same length to a vertical position, as shown in the
figure. The winch pulls in rope at a raie of —0.2 meter per
second. Find the rate of vertical change and the rate of horizon-
tal change at the end of the pipe when y = 6.

1 dso g2

gr sec

(x, )

Not drewit to scale

Figure for 29 Figure for 30

30. Boating A boat is pulled into a dock by means of a winch 12
feet above the deck of the boat (see figure).

(a) The winch pulls in rope at a rate of 4 feet per second.
Determine the speed of the boat when there is 13 feet of
rope out. What happens to the speed of the boat as it gets
closer to the dock?

(b) Suppose the boat is moving at a constant rate of 4 feet per
second. Determine the speed at which the winch pulls in
rope when there is a total of 13 feet of tope out. What
happens to the speed at which the winch pulls in rope as the
boat geis closer to the dock?

31. Air Traffic Control An air traffic controller spots two planes
at the same altitude converging on a point as they fly at right
angles to each other (see figure). One plane is 150 miles from
the point moving at 450 miles per hour. The other plane is 200
miles from the point moving at 600 miles per hour.

(a) Atwhat rate is the distance between the planes decreasing?

(b) How much time does the air traffic controller have to get
one of the planes on a different flight path?

AR
=
2

—
<
]

}
-
T

Distance (in miles);

100 200
Distance (in miles)

Figure for 31 Figure for 32

32, Air Traffic Control An airplane is flying at an altitude of 5
miles and passes directly over a radar antenna {(see figure).
When the plane is 10 miles away (s = 10), the radar detects
that the distance s is changing at a rate of 240 miles per hour.
What is the speed of the plane?




33.

Figure for
M.

.35,

- 36.

Baseball A baseball diamond has the shape of a square with
sides 90 feet long (see figure). A player running from second
base to third base at a speed of 28 feet per second is 30 feet
. from third base. At what rate is the player’s distance s from
home plate changing?

Figure for 35
‘Buseball For the baseball diamond in Exercise 33, uppose
the player is running from first to second at a speed of 28 feet

per second, Find the rate at which the distance from home plate
is changing when the player is 30 feet from second base.

Shadow Length A man 6 feet tall walks at a rate of 5 feet per
second away from a light that is 15 feet above the ground (see
figure). When he is 10 feet from the base of the light,

(a) at what rate is the tip of his shadow moving?

(b) at what rate is the length of his shadow changing?

Shadow Length Repeat Exercise 35 for a man 6 feei tall
walking at a rate of 5 feet per second foward a light that is 20
feet above the ground (see figure). .

39

40,

41

42
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. Evaporation As a spherical raindrop falls, it reaches a layer
of dry air and begins to evaporate at a rate that is proportional
to its surface area (S = 47 7). Show that the radius of the rain-
drop decreases at a constant rate.

Electricity 'The combined electrical resistance R of R, and R,
connected in parallel, is given by

1 1 1

— =}
R R, R,

by

where R, R, and R, are measured in ohms. R, and R, are
increasing at rates of 1 and 1.5 ohims per second, respectively. At
what rate is R changing when R, = 50 ohms and R, = 75 ohms?

. Adiabatic Expansion When a certain polyatomic gas
undergoes adiabatic expansion, its pressure p and volume V
satisfy the equation

pvl.ﬁ — k

where k is a constant. Find the relationship between the related
rates dp/dt and dV/de.

Roadway Design Cars on a certain roadway ftravel on a
circular arc of radius ». In order not to rely on friction alone to
overcome the centrifugal force, the road is banked at an angle
of magnitude # from the horizontal (see figure). The banking
angle must satisfy the equation

rg tan # = v?

where v is the velocity of the cars and g = 32 feet per second
per second is the acceleration due to gravity. Find the relation-
ship between the related rates dv/dt and d8/dt.

Figure for 36
3.

38,

Figure for 37

Machine Design  The endpoints of a movable rod of length
1 meter have coordinates (x, 0) and (0, y) (see figure). The
position of the end on the x-axis is ’

1. 7t .
1) =zsin—
x(r) 58
where £ is the time in seconds.
(2) Find the time of one complete cycle of the rod.
(b) What is the lowest point reached by the end of the rod on
the y-axis?
(c) Find the speed of the y-axis endpoint when the x-axis
endpoint is (i O).
Machine Design Repeat Exercise 37 for a position function
of x(s) = 2 sin r¢. Use the point (5, 0) for part (c).

43

44

. Angle of Elevation - A balloon rises at arate of 3 meters per sec-
ond from a point on the ground 30 meters from an observer. Find
the rate of change of the angle of elevation of the balloon from

e observer when the balloon is 30 meters above the ground.

Ahgle of Elevation A fish is reeled in at a rate of 1 foot per
sgcond from a point 10 feet above the water (see figure). At

hat rate is the angle between the line and the water changing
when there is a total of 25 feet of line out?
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45. Angle of Elevation . An airplane flies atan altitude of -5 miles

46.

Figure for 46

toward a point directly over an observer (see figure). The speed
of the plane is 600 miles per hour. Find the rate at which the
angle of elevation 0 is changing when the angle is (a) 6 = 30°,
(b) 8 = 60° and (c) 8 = 75°.

Linear vs. Angular Speed A patrol car is parked 50 feet from
a long warehouse (see figure). The revolving light on top of the
car turns at a rate of 30 revolutions per minute. How fast is the
light beam moving along the wall when the beam makes angles
of (a) § = 30°, (b) & = 60° and (c) @ = 70°.with the line per-
pendicular from the light to the wall?

Figure for 47

47, Linear vs. Angular Speed A wheel of radius 30 centimeters

48

h

revolves at a rate of 10 revolutions per second. A dot is painted
at a point P on the rim of the wheel (see figure).

(a) Find dx/ dt as a function of .

(b) Use a graphing utility to graph the function in part (a).

{c) When is the absolute value of the rate of change of x
greatest? When is it least? :

(d) Find dx/d: when 8 = 30° and 6 = 60°,

Flight Control An airplane is flying in still air with an air-

- speed of 240 miles per hour. If it is climbing at an angle of 22°,

49.
. a 100-foot hallway (see figure). It is easiest to design the cam-

find the rate at which it is gaining altitude.

Security Camera A security camera is centered 50 feet above

era with a constant angular rate of rotation, but this results in a
variable rate at which the images of the surveillance area are
recorded. Therefore, it is desirable to design a system with a
variable rate of rotation and a constant rate of movement of the
scanning beam along the hallway. Find a model for the variable
rate of rotation if |dx/dt| = 2 feet per second.

50.

Acceleration In Exercises 51 and 52, find the acceleration of
the specified object. (Hins: Recall that if a variable is changing 1
at a constant rate, its acceleration is zero.) ;

51.

52.

i

o 53

o

54.

Think About It Describe the relationship between the rate of

change of y and the rate of change of x in each of the follow- }

ing. Assume all variables and derivatives are positive. ]

dx

3 —_—
dt

2=

() -3
(b} dt—x(L x)dz’ O<x<L

Tind the acceleration of the top of the ladder described in §
Exercise 27 when the base of the ladder is 7 feet from the wall, ;

Find the acceleration of the boat in Exercise 30(a) when there
is a total of 13 feet of rope out. ’

Modeling Data  The table shows the numbers (in millions) of
single women s and married women m in the civilian work
force in the United States for the years 1990 through 1998. E
(Source: U.S. Bureau of Labor Statistics)

1995|1996 1998

15.5

1990/1991|1992 1993|1994 1997

" Year

s [14.6]147|149 | 150|153 158 (16.5|17.1

1309

m 31.1(31.7(32.0]32.9(33.4|33.6 |33.8|33.9

(a) Use the regression capabilities of a graphing utility to find
a model of the form m(s) = as? + bs + ¢ for the data,
where ¢ is the time in years, with ¢+ = 0 comresponding
to 1990.

(b) Find ciir

(¢) Usethe model to estimate dm/dt for t = 5 if it is predicted
that the number of single women in the work force will
increase at the rate of 1.2 million per year.

A ball is dropped from a height of 20 meters, 12 meters away
from the top of a 20-meter lamppost (see figure). The ball’s
shadow, caused by the light at the top of the lamppost, is
moving along the level ground. How fast is the shadow moving
1 second after the ball is released? (Submitted by Dennis
Gittinger, St. Philips College, San Antonio, TX)

« Shadow
~



In Exercises 1-4, find the derivative of the function by
psing the definition of the derivative.

LW =x =203 2 g =T
3 f0) = Vit 470 =2

In Exercises 5 and 6, describe the x-values at which fis
differentiable.

6 f() Ix‘fS

5. flx) = (x+ 1)2?

-2 -1 1 2

7. Sketch the graph of f(x) = 4 — |x - 2|.
{a) Is f continuous at x = 27
(b) Is f differentiable at x = 29 Explain.
2H4x+2 x< -2
Il —d4x—x2, x2 -2,
- (@) Is f contimious at x = —27
(b) Is f differentiable at x = —2? Explain.

8. Sketch the graph of f(x) = {

In Exercises 9 and 19, find the slope of the tangent line to the
graph of the function at the specified point.

ﬂ In Exercises 11 and 12, {a) find an equation of the tangent line
to the graph of f at the indicated point, (b) use a graphing utility
to graph the function and its tangent line at the point, and (c)
use the derivative feature of the graphing utility to confirm your

© results, '

W) =2 -1, (=1,-2)

12 /6 ~ 2= (0,2)

REVIEW EXERCISES FOR CHAPTER 2

In Exercises 13 and 14, use the alternative form of the derivative
to find the derivative at x = ¢ (if it exists).

1B g =x2x—1), ¢c=2

1
14. f(x) = m, c=32

Writing  In Exercises 15 and 16, the figure shows the graphs of
a function and its derivative. Label the graphs as f or f’ and
write a short paragraph stating the criteria used in making the
selection, To print an enlarged copy of the graph, go to the
website www.mathgraphs.com.

15.. 16. ¥
1+
t : } - x
_x E
2 2\/
X _
#®  In Exercises 17-32, find the derivative of the function,
17. y =25 18, y=-12
19. £(x) = x8 20. g(x) = x12
21, Az = 3% 22, flp = -85
23, Fx) =x3—3x2 . 24. g(s) = 4% — 552
25, h{x} = 6/ + 33/% 26. fx) = x1/2 —~ 172
_2 _2
27, g() = 32 28. A(x) = B2)?
29. fi6) =20~ 3sin o 30. gla) =4cosa+ 6
3. £(6) = 3cos 6 — %9 32. g(a) = 38;:1—“ -

33. Vibrating String . When a guitar string is plucked, it vibrates
with a frequency of F = 200/T, where F is measured in vibra-
tions per second and the tension 7 is measured in pounds. Find
the rate of change of ¥ when (a) T = 4 and (b)T=9.

34, Vertical Motion A ball is dropped from a height of 100 feet,
One second later, another ball is dropped from a height of 75
feet. Which ball hits the ground first?

35. Vertical Motion To estimaie the hei ght of a building, a weight
is dropped from the top of the building into a pool at ground
level. How high is the building if the splash is seen 9.2 seconds
after the weight is dropped?

36, Vertical Motion A bomb is dropped from an airplane at an
altitude of 14,400 feet. How long will it take for the bomb to
reach the ground? (Because of the motion of the plane, the fall
will not be vertical, but the time will be the same as that for a
vertical fali.) The plane is inoving at 600 miles per hour. How
far will the bomb move horizontally after it is released from the
plane?
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3;1. Projectile Motion A ball thrown follows a path described by

y=x- 0.02x2
(a} Sketch a graph of the path.
(by Find the-total herizontal distance the ball was thrown.

(c) At what x-value does the ball reach its maximum height?

(Use the symmetry of the path.)

{d) Find an equation that gives the instantaneous rate of change

of the height of the hall with respect to the horizontal
change. Evaluate the equation at x = 0, 10, 25, 30, and 50.

(¢) What isthe instantaneous rate of change of the height when

the ball reaches its maximum height?
. Projectile Motion The path of a project
of 45° with level ground is ;
32 '
)

=x— 5 W
y ‘voz(

ile thrown at an angle

feet per second. .

{a) Find the x-coordinate of the point where the projectile'
strikes the ground. Use the symmetry of the path of the
locate the x-coordinate of the point where

reaches its maximum height.

where the initial velocity is Vo

projectile 0
the projectile
What is the instantaneous rate of change of the
the projectile 1s at its maximuim height?

that doubling the initial velocity of the
maximwn height and the range by a

(L)) height when

(c) Show projectile
multiplies both the

' factor of 4.
{d) Find the maximum height and range of a projectile thrown
with an initial velocity of 70 feet per second. Use a graph-

ing wtility to sketch the path of the projectile.
Horizontal Motion The position fonction of a particle

39.
moving along the x-axis is

W= -3+2

for —co < f < O%.
(a) Find the velocity of the particle.
(b) Find the open t-interval(s) in which'thc particle is moving
to the left.
{c) Find the position of the particle when the velocify is 0.
(d) Find the speed of the particle when the position is 0.

. Modeling Data  The speed of a car in miles per hour and the
stopping distance in feet ate recorded in the table.

E

e Stnppingl)lstance (y)

Speed ()

(5.5 Use the regression capabilities of a graphing utility to find

a quadratic model for the data.

(b) Usea graphing utility to plot the data and graph the model.

(c) Use a graphing utility to graph dy/dx.
(@) Use the model to approximate the stopping dist
speed of 65 miles per hour.

{e) Usethe

stopping distance as the speed increases.

ance at a

graphs in parts (b and (c) to explain the change in

. {n Exercises 41-57, find the derivative of the funciion,

flx) = (3% + TE? — 2x + 3)

41.
42. glx) = {(x* — )z + 2)
43, hix) = Jxsinx a4, f(f) = cost
20— xtl
45. flx) = 2 46. flx) = o
xPtxo _6x— 5
47. f(x) = i1 48. flx) = i1
49, f(x) = S 50. F(x) = _ 2
4 — 3x? 3x2— 2
x? sin x
5LY = Gosx 2.¥= 72
53, y = 3x¥secx 54, y = 2x — x*tanx
P +sinx
55, y = —xfanx 56°yt—__r—1~s'mx
57. y =Xxcosx — sin x
58. Acceleration The velocity of an object in meters per second

sy =36 -0t s 6. Find the velocity and accelera-

tion of the object when ¢ = 4.

In Exercises 59-62, find the second derivative of the function.

60. flx) = 129x

59. g =1~ 3t+2
62. hit) = 4sinz - 5cost

61 f(6) =3tan 6

In Exercises 63 and 64, show that the funétion satisfies the

equation.
Function Equation
63.y=25'mx+3cosx y'+y=0

10 — cos x
X

6d. vy = xy' +y=sinx

m In Exercises 65-80, find the derivative of the function.
65. f(x) = V1~ x3 66. flx) = Ix2 -1
67, h(x) = (L‘_i)z 68. fix) = ( 2 +.1)5

<R 241 ) Ty

fl) = (7 - DT+ 5) 70 k(O = ﬁ‘-g_eﬁ

T2y =1 cos2x + 2€08% X

69.

71. v = 3cos(3x + 1)

73,y = 3 osc 2x 74, y = csc 3x + cot 3x
75-y=%—%2—x 76_.y=56f’77x—i‘%5_3£
1.y = %sin”zx - %—sin"'/zx 78. f(x) :_: _\/;x_%f—___‘—_—; ;
79.y=§;_“£ 80_y=%gs,;067—11.



.In Fxercises 81-88, use a computer algebra system to find the
derivative of the function, Use the utility to graph the function
and its derivative on the same set of coordinate axes. Describe
the behavior of the function that corresponds to any zeros of the
graph of the derivative. .

81, () = ¥ — 1)
2x
83. g( )= m

85 fl) =+ 1+ 1
87. y =tan/1 — x

82 () =[x — 2)(x + 4))?
84. glx) = x/x2 4+ 1

86, y = 3x(x + 2)2
88. y=2 csc3(ﬁ)

In Exercises 89-92, find the second derivative of the function.

@ = 2x? + sin 2x
' (x) = cotx

1
90, y=— 1+t
0, v P an x

92. y = sin?x

n- In Exercises 93-96, use a computer algebra system to find the-

second derivative of the function,

6x— 5
93, (1) = (—1%? 9. g = 57

95, g(6) = tan 30 — sin(0 — 1)  96. A(x) = x/x2 ~ 1

97. Refrigeration The temperature T 6f food putin a freezer is

_ 700
244+ 10

where ¢ is the time in hours. Find the rate of change of T with
respect to ¢ at each of the following times,

(@r=1 b)yt=3 c)t=35 d) r=10

98. Fluid Flow The emergent velocity v of a liquid flowing from
a hole in the bottom of a tank is given by v = 2gh, where g
is the acceleration due to gravity (32 feet per second per
second) and % is the depth of the liquid in the tank. Find the rate
of change of v with respect to & when (@h=9and(b) A = 4,

(Note that g = +32 feet per second per second. The signof g -

depends on how a problem is modeled. In this case, letting g be
negative would produce an imaginary value for v.)

In Exercises 99-104, use implicit differentiation to find
dy/dx.

_ 99047 + 3xy + 93 =10
..ﬁ—x y=16

siny = yCcosx

ﬁ In Exercises 105 and 106, find the equations of the tangent line
and the normatl line fo the graph of the equation at the indicated
point. Use a graphing utility to graph the equation, the tangent
line, and the normal line.

cos{x + y) = x

165, +y2=20, (2,4 106. x2 —y2 =16, (5,3)

REVIEW EXERCISES 155

107, A point moves along the curve y = /¥ in such a way that the
y-value is increasing at a rate of 2 units per second, At what
rate is x changing for each of the following values?

@ r=g

by x=1 (c)x=14
108. Surface Area The edges of a cube are expanding at a rate of
5 centimeters per second. How fast is the surface area chang-

ing when each edge is 4.5 centimeters?

109. Changing Depth The cross section of a 5-meter trough is an
isosceles trapezoid with a 2-meter lower base, a 3-meter upper
base, and an altitude of 2 meters, Water is renning inte the
trough at a rate of 1 cubic meter per minute. How fast is the
water level rising when the water is 1 meter deep?

110, Linear and Angular Velocity A rotating beacon is located 1
kilometer off a straight shoreline (see figure). If the beacon
rotates at a rate of 3 revolutions per minute, how fast {in kilo-
meters per hour) does the beam of light appear to be moving

- I .
to a viewer who is 3 kilometer down the shoreline?

: |-<——% km —-
Not drawn 10 scale

111, Moving Shadow A sandbag is dropped from a balloon at a
height of 60 meters when the angle of elevation to the sun is
30° (see figure). Find the rate at which the shadow of the sand-

- bag is traveling along the ground when the sandbag is at a

height of 35 meters. [Hins: The position of the sandbag gp;é

given by s{f} = 60 — 4.9¢,2] _ %




